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ABSTRACT. This work studies a general reaction-diffusion model for acid-
mediated tumor invasion, where tumor cells produce excess acid that primarily
kills healthy cells, and thereby invade the microenvironment. The acid
diffuses and could be cleared by vasculature, and the healthy and tumor
cells are viewed as two species following logistic growth with mutual
competition. A key feature of this model is the density-limited diffusion for
tumor cells, reflecting that a healthy tissue will spatially constrain a tumor
unless shrunk. Under appropriate assumptions on model parameters and on
initial data, it is shown that the unique heterogeneous state is nonlinearly
stable, which implies a long-term coexistence of the healthy and tumor cells
in certain parameter space. Our theoretical result suggests that acidity may
play a significant role in heterogeneous tumor progression.
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1. Introduction. Why does a cancer tumor possess the ability to invade
its microenvironment? An alternative explanation is the so-called acid-mediated
invasion hypothesis that tumor cells produce an excess of acid, which could kill the
surrounding healthy cells, and thereby achieve a selective advantage over neighbor-
ing healthy cells (see [5]). Gatenby and Gawlinski [4] initially proposed a reaction-
diffusion model incorporated the acid-mediated invasion hypothesis. In their model,
tumor and healthy cells are viewed as two species that mutually restrain in the sense
that the former limits the latter by producing excess acid, whereas the latter curb
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the diffusion of the former by its density. Taking more biologically realistic infor-
mation into account, McGillen et al. [9] recently extended the Gatenby-Gawlinski
model to a general reaction-diffusion model. First, they added the terms symboliz-
ing the Lotka-Volterra-type mutual competition between healthy and tumor cells for
resource needed for survival. In addition, since some biological experiments observe
that tumor cells may not exhibit complete acid resistance (see [2, 11]), they also add
a term for acid-mediated tumor cell death. Let u represent the density of healthy
cells, v the density of tumor cells, and w the concentration of extracellular lactic
acid in excess of normal tissue acid concentrations. Then the McGillen-Gaffney-
Martin-Maini model reads

ur = u(l — u — agv) — dyuw, z e, t>0,
vy — DV - (1 —u)Vv) = r0(1 — v — ayu) — davw, xeQ, t>0,
wy — Aw = ¢(v — w), x €N, t>0, (1.1)
gv = Ju —, zedN, t>0,

u(z,0) = up(z), v(z,0)=vo(z), w(z,0)=wo(x), €,
in a bounded domain Q C R", n > 1, with smooth boundary, where 6% denotes
differentiation with respect to outward normal on 0f), and the non-dimensional
parameters a; > 0,a2 > 0,d; > 0,ds > 0,70 > 0,D > 0 and ¢ > 0 are constants.
Here we mention that tumor capacity for acid resistance is reflected by do < dj,
and the readers may refer to [9] for more detailed biological explanations on other
parameters or terms appearing in (1.1). We also note that, in the limiting case
when a1 = as = dy =0, (1.1) reproduces the original Gatenby-Gawlinski model [4].

Fasano et al. [3] studied the Gatenby-Gawlinski model and showed rich properties
of various traveling waves. Very recently, McGillen et al. [9] performed
numerical exploration and an asymptotic traveling wave analysis of the generalized
model (1.1). They constructed an asymptotic approximation traveling wave solution
to (1.1) and characterized the invasive behaviors of tumor cells. The studies in [3, 9]
suggest that acidity may play a significant role in tumor progression ([6]).

Depending on parameter regimes, the system (1.1) exhibits four equilibrium
points: a trivial state (u,v,w) = (0,0,0), a health state (u,v,w) = (1,0,0), a
heterogeneous state (u,v,w) = (u*,v*, w*) with «* # 0, v* # 0 and w* # 0, and a
homogeneous tumor state (u,v,w) = (0, m, m) In [9], the authors have
discussed the linear stability of the above four stationary points. However, the
nonlinear stability of the above four stationary states is very challenging. In
particular, this work is interested in the nonlinear stability of the heterogeneous
state, which may imply a long-term coexistence of the healthy and tumor cells
in certain parameter space. For this purpose, we further assume that the model
parameters fulfill

a; < 17 (12)
dy
1—aias —ajdy > — and (1.3)
T2
d
di <1+ =2 —ay. (1.4)

T2
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Simple computation yields that the unique positive constant steady state of system
(1.1) is given by

— (1 —ai)(az +di)

u =

17(11

and v*  =w

(1.5)

1+%—a1a2—a1d1 1+‘:—§—a1a2—a1d1

Under the assumptions (1.2)-(1.4), it is readily checked that this steady state fulfills
0<u* <1 and 0<v* <1 (1.6)
As to the initial data, we assume throughout that ug, vg and wq satisfy
up € W2(Q), 0<wuy<1 inQ,
vg € W22(Q), w9 >0 inQ, (1.7)
wo € W22(Q), wp >0 in Q.
Under these assumptions, our main result reads as follows.

Theorem 1.1. Let a; > 0,as > 0,d; > 0,dy > 0,70 > 0,D > 0 and ¢ > 0 satisfy
(1.2)-(1.4). Then for any triple (ug,vo,wp) € W3 (Q) x WH>2(Q) x W2>(Q) of
nonnegative function fulfilling (1.7), the problem (1.1) possesses a unique nonnega-
tive classical solution which is global in time. Moreover, this global solution enjoys
the property

[u(-,t) = u™[|peo () + V(1) = ™| Lo () + lw(- ) — w*||Leo() — O exponentially,
as t — +0o0.

This analytical result implies the coexistence of the healthy and tumor cells when-
ever the parameter conditions (1.2)-(1.4) are satisfied, and it also demonstrates that
the generalized model (1.1) is amenable to rigorous nonlinear analysis in addition
to approximate traveling wave analysis. Let us further examine our parameter as-
sumptions (1.2)-(1.4). Since the healthy state (u,v,w) = (1,0,0) is linearly stable
if a; > 1 (]9]), it is unlikely that the heterogeneous state (u,v,w) = (u*,v*, w*) is
nonlinearly stable if a; > 1. We also note that the heterogeneous state does not
exist if a; = 1. Therefore, the assumption (1.2) is really necessary for the stability
of the heterogeneous state. We next turn to the assumption (1.4). One observation
is that the heterogeneous state is linearly unstable if d; > 1+ f—j —az ([9]), and
the other simple fact is that the heterogeneous state will disappear according to
the first formula in (1.5) if d =1+ f—; — az. The above two considerations yield
that the assumption (1.4) is also necessary for the stability of the heterogeneous
state. Indeed, when the assumptions (1.2) and (1.4) hold, the previous numerical
simulation found heterogeneous invasion ([9, Fig. 3al]). From this perspective,
Theorem 1.1 analytically confirms some key numerical exploration performed in [9].

However, from biological point of view, the main contribution of this work
may lie in finding the parameter condition (1.3), which along with (1.2) and
(1.4) warrants the nonlinear stability of the heterogeneous state by Theorem 1.1.
To better understand the assumption (1.3), we first see that in the limiting case
when dy = 0, (1.3) is an immediate consequence of (1.4) thanks to 0 < a; < 1.
By continuity, when dy > 0 sufficiently small and other parameters are fixed, (1.3)
still results from (1.4). Hence, when ds > 0, the assumption (1.3) essentially says
that ds should be small compared with dy and 5. Importantly, this corresponds to
the acid resistance hypothesis that is central to the model (1.1), and moreover, it
actually plays a significant role in the proof of a key Lemma (see Lemma 3.3 below).
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The system (1.1) can also be viewed as a generalization of a classical mutual-
competition system ([8]). However, a novel feature of the model (1.1) is the density-
limited tumor diffusion term in the second equation, which might give rise to
the degeneracy of the parabolic equation. One main task of our analysis is to
exclude this possibility of degeneracy. Namely, under the assumptions (1.2)-(1.4)
on model parameters and the assumption (1.7) on initial data, we aim at proving
that there exists a positive constant A < 1 such that

u(z,t) < A for all z € Q and ¢ > 0,

which entails that the diffusion coefficient 1—u > 1—X > 0. To achieve this, we apply
the rectangle method idea to the system where the sub and super solutions that
we construct are homogeneous in space (see for instance [10] and reference therein).
In Section 3 we analyze the existence of solutions of the auxiliary system of ODEs
used to obtain the sub and super-solutions. Moreover, as a crucial preparation for
demonstrating the nonlinear stability of the heterogeneous state, we show that
the super-solution approximates the sub-solution as time goes to infinity, where
the assumption (1.3) plays an important role as aforementioned (see the proof of
Lemma 3.3 below). In Section 4 we employ a comparison argument (cf. e.g. [10])
to connect the solution of the PDE system (1.1) to the sub and super-solutions,
and thereby complete the proof of Theorem 1.1. As a starting point of our rigorous
mathematical analysis, we begin with establishing the local existence in Sections 2.

2. Local existence and an extensibility criterion. We shall use a straightfor-
ward fixed point argument to prove the local existence of solutions to the system
(1.1), as well as an extensibility criterion.

Lemma 2.1. Let a; > 0,a3 > 0,d; > 0,dy > 0,75 > 0,D > 0 and ¢ > 0, and let
(1.7) hold. Then there exist Tpnas € (0,00] and a unique triple

(1, v, w) € CHHQ X [0, Tonaz)) X (COQ X [0, Trna)) N C2H(Q X (0, Tynaz)))
solving (1.1) classically in Q X (0, Tpnqaz). These functions have the properties

O<u<l1 in Q% (0, Thaez), (2.1)
0 < v <max{1, |[voll L)} in Q% (0, Thhaez),  (2.2)
0 <w < max{1, ||vo|| (), [lwol| Lo () } in QX (0, Tnaz), (2.3)

and, moreover, we have the following dichotomy:

either Tpae = 00, or limsup |[u(-, )| o) = 1. (2.4)
t  Tmax
Proof. Welet Ry := 3 (||uol| .= (0)+1), and we have Ry < 1 thanks to the assumption
on ug in (1.7). We denote || := diam{. Since W?°°(Q) — C1t*(Q) for any
0 < a < 1, we can define

For 0 < T <1, we then let
X :=C55(Qx[0,T]) x C35(Q x [0,7T])

with norm [|(a@, @)|x = |al, + ||| We consider the

41 11 .
36 (2x[0,17) €35 (2x[0,7])

closed set

S = {(a,w) eX‘ (@, @)||x < R with 0 <@ < Ry and @ > 0 in © x [O,T]}.
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For (@, w) € S, we let ¥((@,w)) := (u,w) denote the solution of the two decoupled
systems

wy — Aw = ¢(v — w) zeQ, t>0,
9w — , z€ed, t>0, (2.5)
w(z,0) = wo(x), xz €0
and
ug = u(l — u — agw) — dyuw, e, t>0, (2.6)
U(I7O) ZUO(I)7 erv .

where v is an intermediate variable that connects (@, w) to (u,w), and it is the
solution of

vy — DV - (1 = a)Vv) =1r0(1 — v — a1t — daw), reQ,t>0,
9v =, red t>0, (2.7)
’U(ZL’,O) = vO(x)a z e .

We claim that if T is sufficiently small, then the mapping ¥ acts as a contraction
from S into itself. To see this, we let (%, w) € S and we note that the local existence
of a uniquely determined nonnegative classical solution to (2.7) in Q x [0, T3] with
some 77 < T follows from [1, Theorems 14.4 and 14.6]. Thanks to & > 0,w >
0,1—u>1— Ry >0 and vy > 0, the parabolic comparison principle yields

0 < v <max{l, [Jvollze=()} in  x (0,T1). (2.8)

This in conjunction with the extensibility criterion in [1, Theorem 15.5] further
asserts Ty = T. Moreover, using (2.8) and noting (@, w) € S and vy € W3>(Q),
from standard parabolic L? theory we obtain

“U||W§v1(gx[o,T]) <G (2.9)

for any p > 1, with some C7 > 0 which, as all constants Cs, Cs, ... appearing below,
is allowed to depend on Ry, R, [[vollwz2. (), [wollw2. (), and |lug|lw2 ) only.
Picking any p > 2n and using the Sobolev embedding, we find

1ol 8.4 oy < C (2.10)
Similarly, since v satisfies (2.8) and (2.10), the linear parabolic problem (2.5) has a
unique classical solution w in © x [0,7] and w enjoys the properties

O<w< maX{HvHLoo(QX[O’T]), HU}QHLoo(Q)} in Q x (O,T) (2.11)

and

1wl o33 @ S O3 (2.12)

We next turn to the Bernoulli-type ODE problem (2.6) which is clearly explicitly
solvable in © x [0,7]. Since 0 < ug < 1, two straightforward ODE comparison
arguments yield

0 <u <max{l, |luo|r=@)} =1 in  x [0,T]. (2.13)

In order to improve the bound of u from the upper, we derive further estimate
on u. Knowing v and w are both uniformly Hoélder continuous with respect to z
with exponent 3, in view of (2.6), wg € W (Q) < Cz () and the boundedness
of u we obtain C4 > 0 such that

JuCsDll g gy < Co and JusCt)l gy ) <€ forallte[0,7) (2.14)
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Similarly, on differentiating the first equation in (2.6) with respect to z, using (2. 10)
(2.12), wy € W2°°(Q) — C3(Q) and arguing in a straightforward manner (cf. [12
(2.53)-(2.58) for details]), we obtain some C5 > 0 such that

||Vu(-,t)||C%(Q) < (5 and ||(Vu)t(',t)||0%(s_2) < Cs for all t € [0,T]. (2.15)
This along with (2.14) yields some Cg > 0 such that
lull o83 oz S Co- (2.16)
This entails that
[ull Lo @xiory < luollpee @) + llw — uoll Lo (x[0,1))
1
< ol (@) + 72 HUHCO’%(QX[O,T])
< Jluoll p= @y + T Cs (2.17)
and that
”uHc%vg((z
< Julloroq@xorn + Il oo * 1lon s ey
< 2HU’OH %( ) + ||U - ’U’OHCI O(QX[O T]) + ||u uOHC%’O(QX[O,T) —t Hu”cl‘%(QX[O,T])
< 2HU()|| % Q) + T”uHCl*l(QX[O,T]) +T‘|ut||C§YO(QX O,T]) + Té_g”uHCl,%(QX[O’T])
1_1
< 2ol g4 g, + Thulcnaqangory + (1 + 1921 il g
+T5 |u

b3 (Ox[0,T))
< 2lfuoll 4 +3Ts(1+|9|%)06

thanks to T' § 1. Similarly, we have

2l|woll .3 g + 3T (1+|Q\%)Cg. (2.18)

”ch%%(Qx[o,T] ()

If we now take T € (0, 1) sufficiently small that

rennd (S5 0) (o) Grrane) )
N 2C6 3(1+|Q\%)06 3(1+\Q|%)03

then we derive that
lull Lo @xjo,rpy < Ro and  [[(u,w)]|x < R.

This shows that (u,w) € S and thus that ¥ maps S into itself.

By a straightforward adaption of the above reasoning it can been obtained that if
T is further diminished then U is contractive on S. Therefore, by the contraction
mapping principle, ¥ possesses a unique fixed point in S which generates a solution
(u,v,w) of (1.1) in Q x T. Invoking standard parabolic regularity theory [7], we see
that (u,v,w) solves (1.1) in the classical sense.

Moreover (u,v,w) can be extended to some Tpq, € (0,00] by standard argument.
Since the above choice of T depends on |lug|| 1 (q), HuOHC%(Q), ”wOHC%(Q) and

|| only, a standard extensibility argument guarantees that (u,v,w) can
be extended up to some maximal Ty,q, € (0,00]. Indeed, if Thae < oo and
limsup, »7, ||u(-t)]|L>(0) < 1, then for any sufficiently small 7 > 0 we have

||u('aTmaz - 77)HL°°(Q) S A< 17 ||u('aTma:c —n S C’T

)”c%(ﬁ)
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and
Hw('7T7rza:c - 7])”0%(9) < Cy

with A and C; being independent of n and T},,4,, Where the latter two estimates are
derived as proceeding in the proof of (2.12) and (2.16). Thus if we take Tyaz — 1
as a new initial time, then we can extend (u,v,w) to some Ty := (Trhax — 1) +
To(A, C7,19Q]) > Tpar whenever 7 is sufficiently small, which contradicts the defini-
tion of Tyaq- This proves (2.4).

To prove the solution of (1.1) exists on © x (0,00), by (2.4) we need to establish
the a priori estimate

lw(-, )| Lo () < A forallt >0
with some 0 < A < 1. This will be one of the objectives of next two sections.
3. Auxiliary problem: A system of ODEs. In order to obtain sub and super

solutions with homogeneous space distribution to the system (1.1), we consider the
following system of ODEs

ﬂ’:ﬂ[l—ﬂ—agy—dlw}, t>0,
g’:g[l—g—agﬂ—dlﬁ}, t>0,
v =0 |:7“2 —rgﬁ—rgmg—dgy}, t>0, (3.1)
v=u [7“2 _T2Q—T201ﬂ—dzw}, t>0,
w' = (v —w), t>0,
w' = c(v—w), t>0,

with initial data

u(0) =g, u(0)=1uy, T0)=71y, v(0)=2v, W0)=1wy w(0)=uw,.

(3.2)
From now on, we fix
g := max{maxg ug, u* }, ug = min{ming ug, u*},
T := max{maxg vg, v*}, v, = min{ming vy, v*}, (3.3)
W := max{maxg wp, w*}, wy = min{ming wo, w*}.

From (1.6) and (1.7) we infer that (W, ug, Do, vy, Wo, wy) fulfills

O<uy<u"<uyp<l1l, 0<p,<v*<7y<o00, 0<w,<w <wy<oo, (3.4)
which will be used later on (see the proofs of Lemmata 3.1-3.3 and 4.1 below).
We first study the global existence of (3.1) in the following lemma.

Lemma 3.1. The problem (3.1)-(3.2) admits a unique global solution carrying the
property
O<u<l,

0 <7 <max{l,70},
0 < w < max{1, 7y, W},

IS

L,
1, (3.5)
1

o o o
N AN
I
IA NN

[S

for allt > 0.
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Proof. We observe that the system is autonomous; namely, the right hand side parts
of the equations are independent of ¢, and polynomials. Since such polynomials are
of order 1 and 2, by Picard- Lindel6f theorem we have the existence and uniqueness
of solutions

U, u, v, v, w,w € C(0,T,,)

for some T3 ... > 0 satisfying

lim (Jul + 7] + ol + 5] + | + [@] + Ty, ) = o0 (3.6)

t—Tx

max

Alternatively, the above existence and uniqueness of solutions to the system (3.1)-
(3.2) can be proved by a straightforward fixed point argument similar to that pro-
ceeded in Section 2.

From the continuity of function u and the fact that u, > 0, we see that if there
exists o > 0 such that u(tg) < 0, then there exists ¢; < to such that u(t;) = 0. In
such case, the backward solution u = 0 in (0,¢;), which contradicts the fact that
uo > 0. In the same way we prove that %, v and v are positive functions. Integrating
the equation for w and w we have

w

¢
Eoe*d—i—/ ce™t=9)5(s)ds and (3.7)
0

t
w = Moefct—F/ ce =3y (s). (3.8)
0

Since wo > 0, wy > 0, > 0 and v > 0 we obtain
0<w, 0<w, te(0,1),z)-

Since v > 0 and w > 0, we get the inequality

u, < u(l —u)
and upon ODE comparison it results in

u < max{l,uy} =1
due to (3.4). In the same way we obtain
u < max{l,up} =1, v < max{1,v,} and 7 < max{1,Tg},

where we have used (3.4) once more. By (3.7) and (3.8) and the boundedness of v

and v we have that, by a straightforward computation

w < max {@0, sup {@(t)}} = max{1, 7o, wo } and
te(0,T

Tax)

w < max {QO, sup {y(t)}} = max{1,vy,w,} =1
te(0,7} )

thanks to vy < v* < 1 and w, < w* < 1 by (3.4) and (1.6), which proves, by (3.6)
that thereby T}y .. = co and proves the lemma.
We need to further compare the sizes of @, ¥, @ with those of u, v, w, respec-
tively.
Lemma 3.2. The solution of problem (3.1)-(3.2) enjoys the property
u<u*<u, v<v*<T and w<w"<w (3.9)

for allt > 0.
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Proof. For any function g = g(t) : t € (0,00) — (—00, +00), we define
g+ := max{g, 0} and g— :=min{g, 0}.
Then we have
9+ >0, g <0, g=gy+g-, g1-9-=0, g-gr =g3 and g-g_ =g>. (3.10)

In order to prove u* < u, we only need to prove (u* —u); = 0. Let u*, v* and w*
defined in (1.5) then, we find

' :ﬂ[(U* — ) + az(v* —v) +dy (w* —w)],

where we have used the fact that 1 = u* + asv* + dyw*. We multiply the above
equation by —(u* — )4 to obtain

5 W =)L =al—(u )] +az(u’ — )4 (v —v") +di(u — )4 (w - w")]
<al—(u* =) +az(u* —u)y (v —v")y +di(u" = W) (w—w")]

thanks to ag > 0, d; > 0 and (3.10). Using Young's inequality in conjunction with
Lemma 3.1, we see that

d * — * *
3w 2 < hol(w = )2 + (w— w13, (3.11)
where ko := max{a3,d?}. In the same way we have

d * * — * J—
) < kol -+ w3 (312
d
Tor 92 < kw3 @-w)l]  and (3.13)
d " - R
Twv ) < k- w - w)] (314)

with ki := ro max{1, 7y} -max{a?, d3}, where we have used Lemma 3.1 and the fact
that uy < Wy < 1 and vy < Tp thanks to (3.4). We consider now the equation for @
to find

w =c(®—w) = c(—v*) + c(w* —w).
As before, we multiply this by —(w* — W)y to obtain

1d * — * — * — * —
§£(w —w)?% = (v —7)(w —W)y — c(w* — W)

< et =)y (Wt — W)y — c(w' —W)3,

which implies, by Young' inequality,

d, . _
ﬁ(w —w)i

IA
=10

(v* —71)3. (3.15)

In the same way we obtain

d .
@(&_U’ )2+ <

We add (3.11) -(3.16) to have

(v —v*)3. (3.16)

e

% (W =3+ (u—u)i + (0 =05+ (w—0)] + (W —w)F + (w—w")}]
<k [(W =%+ (u—u")i 4+ @0 =)+ (v—0")i + (W —W)F + (w—w*)F]
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with ko := max{ko + §, ko + k1}. Applying Gronwall’s Lemma and using

(u* =)+ = (ug —u")4 = (v" =Wo)4 = (o —v")4 = (w" —Wo)4 = (wo—w*)+ =0

thanks to (3.4) we prove that

(W —1)% = (w—u")2 = (0" =0 = (1= v")} = (0 — )2 = (w—w)

which ends the proof.

0,

We next assert that (@, 7,w) actually approximate (u,v,w) as time goes to in-

finity.
Lemma 3.3. The solution of problem (3.1)-(3.2) fulfills
U —ul+[0—v+[w—w —0

exponentially, as t — oo.

Proof. We first introduce the numbers

1 1 dy + as
€:= — - ,
2 airo To — dg

1 1/ 1
Ay ::—e:(—i—

a7 2 ai179

i+ ag) and
To — dg

1
Ag = 5((7”2 +d2)A1 — az -l—dl)-

Here we note that the assumption (1.3) yields € > 0 and guarantees A; > 0 thanks
to the fact that ro —dy > 0 is an immediate consequence of the assumption (1.3),

whereas A; > 0 is due to the fact that

1 di + as
A — dsa) - — d
2 > 2((r2+ 2) E— as + 1)
1
> §(d1+a2—a2+d1>
= dj.
Moreover, by the assumption (1.3) we see that e, A; and As satisfy
1
1— Ayrqa; >0, ie. Al < s
Toa1
Airg —ag — Ay > 0, i.e. As < Aira —as and

Ay —dy — Ardo > 0, t.e. Ag>di+ AldQ,

because
Airg —ag — Ay = 1(r —d)o<A7d1+a2)
172 2 2 = B 2 2 1 Ty — dy
1 1 dy + as
= Z(ro—do) - [ —— — _
2 (TQ 2) <’I“2(l1 ro — dg 6)
1 1 d1+a2
= Z(ro—do) [— — 2T 7=
4(T2 2) <’I“2(11 T2 —dg) >0
and
1 dy + a
Ay —dy — Aydy = =(ro—dy)- (A1 —
2 1 102 2(7"2 2) ( 1 Tz—dz)

= Ayrg—as — Ay > 0.
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We now go back to (3.1). Sincew > 0, u >0, 7 > 0 and v > 0 by Lemma 3.1, the
system (3.1) becomes

%’: _l—ﬂ—agy—dlw], t>0,
%: -1—g—a25—d1w}, t>0,
%/ = |r9 — 79U — Toa U — dgﬂ:|, t >0, (3.20)
% = _rg — ToU — roa1U — dg@}, t >0,
w = c&@—@), t>0,
w' = c(v—w), t>0,
which yields the system
G = —(T—w) +as(T - v) + (W — w), t>0,
4 ln% = —1o(U — ) +rea1(U — u) + do(W — w) t>0, (3.21)
4 (W —w) = —c(@—w) +c(v—v), t>0.

Multiplying the second equation by A; and the third equation by As/c and adding
the resulting equations to the first equation, we arrive at

% [lnz + A lnz + %(@ —w)} =—(1—-Airear)(u—u)
—(A1rg — a2 — A3)(T—v) — (A2 — dy — Ards) (W — w). (3.22)

This along with (3.17)-(3.19) entails

dt

with C7 := min{l — Ayreay, 1 — Ayrsay, Ay —dy — Aida} > 0. From this and
Lemma 3.2 we obtain

d [mz +A11ng + Iiz(w—w)] < Cla-w+@—v)+@—w)] (3.23)

d [ u T Ay
~|In- R 7 <
pn {lnu—i—Allnv—i— c(w w)}O
and thus we have
u T Ay U Ty Az,
h—4+Ah-+—@-w)| <|lIn—+ A1 In— + —=(Wy —wy)| < 0.
u v oc U v, ¢

(3.24)
We introduce the constant & defined by

7 7 A
k= [lnu0 +A11n@ + —2(@0 wo)] .
Ug Vg c

This implies

e <k and Ajln-<k
u v
and give us, thanks to Lemma 3.2

* *

m <k and  A;ln> <k
u v
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and therefore

u>e >0 and v > dg >0, (3.25)
where €y := u*e % and &, := v*e F/A1,
On the other hand, invoking the basic inequality lng < %(b —a) for any b >a >0

thanks to the Mean Value Theorem, from (3.23) and (3.25) we infer that
d w v A u v A

— lnH —&-Allng + 2(w—w)} < -0y {lnu —|—AllnE + i(@—y)
u v c u v [

dt

with Cy := Cy - min{ep, j—"l, A%} > 0. Applying Gronwall’s Lemma we get

u v A
In 2 4+ Ajln - + Z2(W — w) < koe 2t
u vooc

Using the basic inequality %(b —a) < lng for any b > a > 0 thanks to the Mean
Value Theorem once again and noticing Lemmata 3.1 and 3.2, we obtain

A

A2
P A <k —Cst
max{1, 7o} o= ol + c [ = wl < koe ’

[T — u| +

which ends the proof.

From (3.25) we have that u and v has a positive bound from the below. In the
following we shall refine the upper bound of @, which plays a crucial role in the
proof of the global existence (see Section 4 below).

Lemma 3.4. The solution of problem (3.1)-(3.2) satisfies

7 < max {1 - a25(],ﬂ()}7 (3.26)
where 0o > 0 is defined in (3.25).
Proof. u satisfies

u =u(l — 7 — agv — dyw).

Since v > §p and w > 0 we find

uy < u(l — T — agdp)
Upon an ODE comparison, this proves (3.26).
4. Comparison argument. The proof of Theorem 1.1. We shall prove (u, 7, @)
and (u,v,w) are actually the sup and sub-solutions of the PDE system (1.1).

Lemma 4.1. Let (u,v,w) be the classical solution to (1.1) with initial data fulfilling
(1.7), and let (W, u,v,v, W, w) be the solution to (3.1)-(3.2) with initial data taken
as in (3.3). Then we have

u<u<mu, ery t6(07T7rza:c)7
v<wv <7, z€Q, t€(0,Ta) and
w<w<w, reQ, te(0,Tha)

Proof. We introduce the unknowns variables U, U, V, V., W and W defined by
t ), (4.1)
) (4.2)

and
W (x,t) :==w(t) — w(z,t), W(x,t) :=w(x,t) —w(t). (4.3)
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We operate equations (3.1) and (1.1) to obtain
Ut = U(l —u— asv — dly) + U(—U + GQK + dlw)

In order to prove u < wu, we only need to prove U_ = 0. For this purpose, we
multiply the previous equation by U_ to obtain

1d— — — — —

§%U2 = U2_(1 -0 — agv — djw) — uU2_ 4+ asulU_V + dyuU_W

< UE +auU_V_ +diwU_W_
thanks to (3.10). This in conjunction with the Young inequality yields

Ldg2 <(1+U2)U2+ﬁv2+ﬁw2
2dt RS

and after integration over {2

2dt/U </1+u*2 “2/1/2 dl/W2 (4.4)

In the same fashion we obtain

2
U2 < /1+u W2 + “2/\/ + 1/W3. 45
2dt/ ; (4.5)

We now consider the equation for v

— DV - ((1 —u)Vv) = Tgv(l -V —a1u— @w),

T2

and combine with (3.1) to obtain

- DV ((1—U)VV) =T {V(l—v—GW—izw) +v<—V—|—a1U+;le>]

We multiply this by V_ and integrate over 2, to obtain
D[ (1- 2
th/v + / W)|VT_|
=1y fQ { (1-7—aju— @w) vV% +avUV_ + ‘j—%wﬁ}
<T2fg{ 1—U—a1u—d2w)—vV +avU_V_ +d2vW V}

where we have used the fact that ava+V, < 0 and %UEJFV, < 0. Thanks to
Young’s inequality and Lemma 3.1 we have

1d [ -2 — —2 a? d?
—— D[ (1- P< 1+v? 2u? + 2ZwW? | 4
s LT+ /Q( WV _| —’"2/9[( FVE 4 QU2 SW ] (46)
In the same way we obtain
1d d3 —

v2 +D/ (1-w)|VV_ |2<r2/ [(1+’u2)12_ 1U +—2W2] (4.7)
2 dt Q 2

In the same fashion we can obtain the equations for W and W
_ AW = oV — )
and
W, — AW = c(V — W).
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We multiplying those by W_ and W _ respectively and integrate by parts to get,
thanks to Cauchy-Swartz inequality

1d —2 — 9 c —9 o
el < = .
2dt/ﬂw,+/ﬁww4 _Z/Q(V,—H/V,) (4.8)

li 2 2 € 2 2
2dt/9w,+/ﬂ|vw,| < 2/9(1,+w,). (4.9)

We define the function Y given by

and

A

Y(t) ::/ (T2 + V242 U2 + V2 4+ W2),
Q

and we add equations (4.4)-(4.9) to obtain
d
£Y(t) < kY (t) (4.10)
with k := max{4 + a}, a3 + ¢+ 2ra(1 + max{1, |vo|[L=(@)}), ¢+ di + f—%}, where
2
we have used (2.1) and (2.2). On the other hand, (3.3) entails that
Y (0) = 0. (4.11)

Since Y'(¢) > 0, from (4.10) and (4.11) we infer that

Y(t) =0, t €10, Tmax),
which proves

u < u <, v<v<U and w<wlw.

This ends the proof of the lemma.
We are now in a position to prove Theorem 1.1.

PROOF of Theorem 1.1.  In view of (3.4) and Lemmata 3.1, 3.4 and 4.1, we obtain
O<u<A:= max{l — a2507ﬂo} <1 forall z € Q and t € (0, Thaz)-

Then the assertion of global existence is an immediate consequence of this and
the extensibility criterion provided by lemma 2.1, whereas the asymptotic behavior
of the solutions

lu —u"| o) + [[u — w||Loe (@) + [Ju — W || Lo (@) — 0 exponentally, ast— oo

is a consequence of Lemma 3.3 and Lemma 4.1

References

[1] AmANN, H.: Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value
problems, in: Schmeisser, Triebel (Eds.), Function Spaces, Differential Operators and Non-
linear Analysis. Teubner Texte zur Mathematik 133, 9-126 (1993)

CASCIARI, J.J., SOTIRCHOS, S.V., SUTHERLAND, R.M.: Variations in tumor cell growth rates
and metabolism with ozygen concentration, glucose concentration, and extracellular pH. J.
Cell Physiol. 151 (2), 386-394 (1992)

Fasano, A., HERRERO, M.A., RoDRIGO, M.R.: Slow and fast invasion waves in a model of
acid-mediated tumour growth. Math. Biosci. 220 (1), 45-56 (2009)

GATENBY, R.A., GAwLINSKI, E.T.: A reaction-diffusion model of cancer invasion. Cancer
Res. 56 (24), 5745-5753 (1996)

GATENBY, R.A., GILLIES, R.J.: Why do cancers have high aerobic glycolysis? Nat. Rev.
Cancer 4 (11), 891-899 (2004)

GILLIES, R.J., VERDUZCO, D., GATENBY, R.A.: Ewvolutionary dynamics of cancer and why
targeted therapy does not work. Nat. Rev. Cancer 12, 487-493 (2012)

[2

[3

[4

5

6



NONLINEAR STABILITY OF A PDE-ODE MODEL FOR TUMOR INVASION 15

[7] LADYZENSKAJA, O.A., SOLONNIKOV, V.A., URAL'CEVA, N.N.: Linear and Quasi-Linear Equa-
tions of Parabolic Type. Amer. Math. Soc. Transl. 23, Providence, RI (1968)
[8] MURRAY, J.D.: Mathematical Biology: I. An Introduction. Interdisciplinary Applied Mathe-
matics, 3rd edn, Springer, New York (2002)
[9] McGILLEN, J.B., GAFFNEY, E.A., MARTIN, N.K., MAINI, P.K.: A general reaction-diffusion
model of acidity in cancer invasion. J. Math. Biol. 68, 1199-1224 (2014)
[10] NEGREANU, M., TELLO, J.I.: On a comparison method to reaction-diffusion systems and its
applications to chemotaxis. Discr. Cont. Dyn. Syst. B 18 (10), 2669-2688 (2013)
[11] Park, H.J., Lyons, J.C., OuTsuBo, T., SoNG, C.W.: Acidic environment causes apoptosis
by increasing caspase activity. British J. Cancer 80 (12), 1892-1897 (1999)
[12] TAoO, Y.: Global existence for a haptotazis model of cancer invasion with tissue remodeling.
Nonlinear Analysis: RWA 12, 418-435 (2011)

E-mail address: taoys@dhu.edu.cn
E-mail address: j.tello@upm.es


mailto:taoys@dhu.edu.cn
mailto:j.tello@upm.es

	1. Introduction
	2. Local existence and an extensibility criterion
	3.  Auxiliary problem: A system of ODEs
	4. Comparison argument. The proof of Theorem 1.1
	References

