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1. Introduction

We study the prototype chemotaxis reaction—diffusion problem with logistic source containing a carrying
capacity with a time-periodic asymptotic behavior:

Z—QZ = Au — div(xuVv) + pu(l —u+ f(x,t)), x€2, t>0,
vy = h(u,v), re R, t>0, (1)
a—u—u @—0 r€ed2, t>0
8n X@n_ ) 9 9

with positive initial data u(z,0) = ug(z), v(x,0) = vo(x), satisfying 0 < ug € L=(2)NWL4(2), v < vy <7,
for z € {2 and positive constants u, x, v and v. Here {2 C R" is an open bounded domain with smooth
boundary of measure |2| = 1. The growth of v is limited by a logistic-like term, where the carrying capacity
presents a spatial and time dependence, f(x,t), describing the resources of the environment.
Parabolic-ODE systems with chemotactic terms have been considered from the 90s, after the pioneering
works of Anderson and Chaplain [1] and Levine and Sleeman [2] modeling tumor angiogenesis. Several
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authors have considered these PDEs models from a mathematical point of view to study finite time blow
up or global boundedness of solutions and its asymptotic behavior. Inspired by the technics of semi-linear
parabolic equations, the number of works considering parabolic-ODE systems of chemotaxis has increased
considerably within last two decades, see for instance the review Horstmann [3] and references therein for
more details.
We assume that h = h(u,v) € WllocOO (R4 x R), x and f satisfy the following conditions for some & > 0,
HI1. hy >0, hy < —¢, <0, 0 < h(0,0)< pe/(2x), —h(0,v) < ceX?, hy+uxhy, < —€,/2, with €,,¢> 0.
H2. For a given constant Cy = Cys(uo, ||f||L(2), 1, X, ¢}, defined in Lemma 2, with ¢g > 0, h fulfills
limsup,_, . h (CseX?,s) < —¢p.
H3. € fulfills =1 4+ ¢ < f(x,t) and there exists a periodic function f* such that
inf f(z,t) < f*(t) <sup f(z,t), and  lim | f(z,t) = f*(t)||zoo(o) — 0, as t— o0 (2)
zeN zeN t—o0

We denote by u* and v* the periodic solutions of the ODEs equations
up = pu* (1 —u* + ), and v} = h(u*,v") (3)

(with f* as in (2), see [4] for the properties of the solution u* to the Bernoulli’s equation). The above
conditions cover the examples h(r,s) = re”X* —as, with a > 0 and h(r,s) = (re X* +s)/(1 4+ s) — s.

Theorem 1. Let the conditions H1. to H3. hold. Then, for any nonnegative initial data (ug,vo) € (L>=(£2)N
Whs(£2))2, there exists a unique global nonnegative solution (u,v) to system (1) uniformly bounded such that
(w,0) € C((0,50), (W*(2))) 1 C1((0,00), (W (2))' x W(2)) and [[ullpoe oy + [0l zoe(2y < C < 0.
Moreover, |lu(x,t) — u*(t)| 2(2) — 0 and ||v(z,t) — v*(t)||L2(0) — 0, ast — oo.

2. Proof of Theorem 1

The global existence of (u,v) over 2 x (0,00) is a direct consequence of the local existence (following
Theorem 6.4 in [5] and the Maximum Principle) and the uniform boundedness of (u,v) in L established
in the following lemma:

Lemma 2. Let hypotheses H1.-H3. hold. Then
(1) the total mass of the component u of the solution to (1) is bounded, i.e., / udr < C1, 0 < Cy < 00;

2
(2) there exist positive constants Ca, 3, depending only on || f|| Loo (o) and p, such that for allt € (0, Tpaz—to)
t+to t
(Trnaz > 0 is the mazimal time), to = min{l, Tpnax/2}, u?dzds < Cy, esft/ u?dzds < Cs.
2

Q 0
(8) there exists positive constant C4 depending on ||UOﬁL°°; [ fllLee, p, x and v < oo such that

1
p
(/ u? (eXv)' P d:c) <Cy and wv(x,t) <7. (4)
Q
(4) function v is uniformly bounded in L°°(12) and |[ul| poo (o) < eX"Cy.

Proof. The proofs of (1) and (2) are similar to that performed in [6] and [4], so we omit it here. We follow
an iterative argument of Alikakos—Moser type in order to derive a bound for u. As in [6] and [7], we multiply
the first equation in (1) by uP~te~(1=P)X¥ and integrate by parts over £2. Since

/ uP~LeXI=P (Ay — YV (uVv))de = —(p — 1)/ uP~2e1=PXY (T, — xuVv)2de < 0,
Q Q
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using the properties of h, by the Mean Value Theorem and Young’s inequality, for every p > 1 and a positive
€= p/ 2+ 2| flle + 2), we have

4
it /g

W s /9 wP ()7 do 265+1 - % Q“pﬂ (€)' P dr+ex(p—1) /ﬂ“p ()P da.

By solving the differential equation, integrating in time and eliminating the nonpositive summand it yields

t P
/ esft/ uPtl (exv)l_p dzds < CP := |max L!UOHLOO ,i, GC—X,C;;, 1 ,
0 o min{l, p}’ €2’ pu

/ u? (eX°) 7P da < CP = max{3||ug|| poo cxeCs}P.
2

3
" 52
In view of H2., we assume that for any ¥ > [Jvg|[ oo () there exists to > 0 such that v(x,to) = U, which is
the first to fulfilling this condition. Since vy < T, for T large enough, we have that v, (tg) < h (046’@,@) <0.
With this contradiction, the proof of (3) is complete.
As a consequence of the previous bounds and taking limits when p — oo we conclude (4). O

Lemma 3. Assume H1.—-H3. There exists a positive constant Cg such that the following estimate holds

/Q |Vo2de < Cs < . (5)

Proof. Consider the functions

P ::/ %dm—l—l—lnu*—/lnudx; Fy:=In (/ udm)—lnu*. (6)
u 2 Q

Functionals of quite a similar form have previously been used in several works on related chemotaxis
problems, e.g., in [8]. Notice that F; > 0 and Fy > ¢g. After direct calculations we have

d 9 d [ [,udx .
T <F1 + F -l-k’/Q |Vl dl‘) < (u* +ullf* =l

with k = €/(2C}||hull L0 (0)) and € as in H2., (for more details, see [6,9]). We divide by u* in (3) and
integrate over (0,7), since

uw* >e1 >0, / ||f*—f||L1(Q)dt§c<oo7 /1nudx§/udm§€1<oo
0 19, Q

we obtain (5). O

Lemma 4. Under assumptions H1.—HS3. we have that there exists €5 > 0 independent of t, such that

/ udx > g9,  foranyt > 0. (7)
7

Proof. We proceed as in Mizukami-Yokota [7] Lemma 4.2. and multiply the equation of u by u=#eX5? for

some 8 € (1,2). After integration by parts we obtain
d
s Xyt =Py = Xﬁ/ h(u,v)eX?u' =Pdr + (1 — ﬁ)ﬁ/ eXPUy =11y — xuVo| de

7 7 7

+u(1=B) [, P ur=P(1+ f — u)da.
Since 8 € (1,2), we have that

(1- 5)5/ Py =18\ Vu — xuVoldz < 0.
%)
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Notice that, by the Mean Value Theorem it yields h(u,v) = h(0,0)+h, (&1, 0)u+ by (u, &)v, for some (€1, &s).
Assumption H1. implies

/ h(u, v)eX?u=Pdr < h(0,0)/
Q

eXB”ulfﬂdx—i—cl/ XPy2= Py,
Q

9]

with 0 < ¢; < oco. Therefore we get

d
—/ XPUyt =B g < xBh(0, 0)/ Py =By 4 (1 — ﬂ)s/ XPUu =B 4 [u(B — 1) + cl]/ eXPUy 2By,
dt Jo Q Q Q
Then J
= eXPut=Pda < [xBh(0,0) — u(B — 1)5]/ XPUyt =Pz 4 ¢, cg > 0.
2 7}

In view of assumption H1. for 5 close enough to 2, we get, by Maximum Principle that fQ eXPryl=Bdr < ¢
and the non-negativity of v implies f P u'~Pdx < & with positive constants ¢ and & We find a positive lower
bound for [ o udr as in (7) by applying the Holder inequality, i.e.,

1
B -5
|71 (/ ul—ﬁdag> g/ udz
2 2

Similar results can be found in [10] and [11] for parabolic—elliptic and fully parabolic systems (see also [12]
for parabolic-ODE systems). O

As in [4], in order to prove the convergence of the solution u to u*, we proceed into two steps: first we
get the convergence of the solution u to its average |, o U, to obtain later the convergence of the average to
the periodic function u*, the solution of the first equation in (3). We define the positive functions

K(t) ::/Q(u—/gudx>2dx and K(t) = (/Qudm—u*>2. (8)

Lemma 5. Assume H1.—H3. There exists a positive constant Cg such that the following estimate holds

/Oo K(t)dt < Cg < 0. 9)
0

Proof. Consider F; and F» as defined in (6). After direct calculations we have

d 2 d ( [oudx
— | F1 + F K< — *—
7 ( 1+ Iy +k/9 [Vl ) + K< I ( e +ullf* = flleie),

with k = €0/(2C}||hullL(0)) and €y as in H2., (for more details, see [6,9]). We divide by u* in (3) and
integrate over (0,7") to obtain a lower bound, e; < u*; moreover by Lemma 4 , we have [,u > 5. After
integration over (0,7") and taking limits when 7' — oo, we obtain (9). O

Lemma 6. Let H1.-HS. hold. Then,

/ / \Vo2dadt < Cr < oo, / / |Vu|*dzdt < Cs < oo, / Kdt < cg/ F2dt < oo,  (10)
0 2 0 2 0 0

for some positive constants C7, Cg and Cyg.

Proof. We proceed as in previous lemma,

d Ao 9 po/ Ao 5  d fnudx .
— — i — < _
7 <F1 +F2+/Q 5 |Vl ) + K+ 1), [Vo|” < I e +pll f f”Ll(Q)v (11)
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with

2
de;

—2hy — xuhy

and Ao = 20,2

Po = 55 0
T R

/ / \Vul|*dzdt < ||u||Loo(Q)/ /

moreover d(Fy)/dt + 2usFF < |F2|K(t) + [Faullf — f*ll L1 (o) < 2C3 (K(t) + pllf = f*llL10)-
Then, after integration it results fo F2dt < co. By Lemma 2, we have K < CgF$ < co. Therefore, after
integration over (0,00) in (11), we end the proof. O

and

da:dt < Cg < o0;

Now we apply a weaker version of Lemma 5.1 in Friedman-Tello [13],

Lemma 7. Letk: Ry — R be a function satisfying k(t) > 0, k' < C for anyt > 0, and fo 8)ds < C < oo,
then, k(t) — 0 as t — oo.

From a direct calculation we have K’ < Cyo and K’ < Cy1, with two positive constants C1g and Cy11. Hence,
K and K verify the assumptions of Lemma 7 and then

||u—u*||ig(9):/Q|u—u*|2dx§K+f(—>O, as t— oo.

We denote z = v —v*. Then, by the assumptions on h and in view of the convergence rate for u we arrive at

1d

o 2dx < —ev/ 22z + ||huz| 1oo () / (u — u*)?da.
2 17

By solving the differential inequality we get the convergence rate for v.
The uniform boundedness over 2 x (0,00) and the convergence rates for the solution (u,v) to (1)
immediately lead to Theorem 1. [

Remark 1. As a consequence of Theorem 1, and in view of uniform bounds of v and v we conclude

|u(z,t) —u*(t)|Lr(oy = 0 and |lv(z,t) —v*(t)||Lr(ey —0, as t—oo, forany pe[l,00)
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