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We consider a system of differential equations modeling tumor angiogenesis. The system
consists of three equations: two parabolic equations with chemotactic terms to model
endothelial cells and tumor angiogenesis factors coupled to an ordinary differential equa-
tion which describes the evolution of the fibronectin concentration. We study global
existence of solutions and, under extra assumption on the initial data of the fibronectin
concentration we obtain that the homogeneous steady state is asymptotically stable.
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1. Introduction

Nowadays, many different issues related to the mathematical approach to the mo-
deling of cancer phenomena are proposed (see, for instance, Ref. 4). In this paper
we will focus on the analysis of a macroscopic model arising in tumor angiogenesis.
Angiogenesis is the physiological process that involves the formation of new blood
vessels from a pre-existing vascular network. Angiogenesis plays an important role
in the development of embryo, wound healing or tumor growth. During the tumor
growth angiogenesis provide extra nutrients to the tumor which allows the transition
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from a dormant tumor to a malignant one. Tumor induced angiogenesis starts when
cancer cells secrete a chemical signal known as tumor angiogenesis factors (TAFs).
TAFs diffuse in the extracellular matrix and arrive to the endothelial cells which
form the linings of the blood vessels. Then, TAFs bind to specific receptors of
the endothelial cells and activate them. Activated endothelial cells release enzymes
that degrade the basal membrane of the blood vessels to allow the migration of
endothelial cells following the gradients of TAF (chemotaxis). The endothelial cells
then proliferate into the surrounding matrix, interact with the components of the
matrix, in particular fibronectin and form solid sprouts connecting neighboring
vessels. Once the new capillary network penetrates the tumor more nutrients are
supplied to the tumor which grows further. See for instance the Ref. 16 for details.

The mathematical model we will consider is a small variation of the model pro-
posed in Ref. 3. As in Ref. 3 we will focus on three variable involved in tumor
angiogenesis, endothelial cells, TAF and fibronectin, a component of the extracel-
lular matrix that enhance cell adhesion to the matrix. Therefore we will take into
account the interactions between the endothelial cells, TAF and the extracellular
matrix. We denote by p the density of the endothelial cell, by ¢ the density of TAF
and by w the density of fibronectin.

Endothelial cells. We assume that the motion of the endothelial cells is induced
mainly by the TAF and fibronectin. More precisely, endothelial cells move towards
the TAF gradients (chemotaxis) and towards the fibronectin gradients (haptotaxis).
In addition we assume that the endothelial cells diffuse into the extracellular matrix
and we will also consider the endothelial cells proliferation that it is described by
a logistic source. As a consequence the equation for the endothelial cell density is
given by

P giv(d,vp—p( Vet pvw ) )+ p(Ns — p)

ot pVp —p| VetV p(Ns —p),
where d,, is the diffusion coefficient that we assume to be constant, o and p are the
chemotaxis and haptotaxis coefficients respectively, A is the proliferation rate and
Ng is the saturation parameter.

Tumor angiogenic factors. The TAF diffuses into the surrounding tissue and
decays. Moreover there is a loss of TAF after binding to the endothelial cells. There-
fore we assume that the TAF concentration c satisfies the following equation:

Oc

i d.Ac — ne — ppc,
where d. stands for the TAF diffusion coefficient, n is the decay rate and p is a
positive constant.

Fibronectin. We assume that the fibronectin is produced by the endothelial cells
and there is also some uptake and binding of fibronectin to the endothelial cells.
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Therefore we derive the following equation:

ow

gy —
ot p —ypw,

where v and 6 are positive constants.

In order to reduce number of parameters, we introduce the rescaled variables

T " % Y

*

t"=nt, x¥= pzi cF=¢, wW'=-w
) (dc/n)% ) NS’ ) 6
We define the following variables:
d «@ o
D = _P * = — * = —
dc ’ (67 dc ’ P ’ch ’
« )\Ns * NS « ’}/NS
)\ = s M = e 'y = —.
n n n
Dropping the asterisks we obtain the following system of partial differential
equations:
P _ giv(DVp—p( Vet pvuw ) ) + Mp(1 —p) (1.1)
ot p—p 1+ P P p), .
0
8—; = Ac — ¢ — upe, (1.2)
ow
— =p(1 —w). 1.3
5 = P —w) (1.3)

We consider a bounded domain Q ¢ RY with regular boundary 9 and the follow-
ing boundary conditions:

dp a  dc ow\
D%—p<1+c%+p%) —07 (14)
Oc
a—n—O, (1.5)

where n stands for the outward normal vector field to 2. The initial data
p(z,0) = po(z), w(z,0)=wo(x), c(z,0)=co(x). (1.6)

In the following sections we assume
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(po, wo, o) € (WH5(Q))?  for s € (max{2, N}, +00). (1.11)

In Secs. 3 and 4 we also consider classical solutions and the following assumption
in the initial data is required

(po, wo, co) € (C**(Q))*  for some a € (0,1). (1.12)

Modeling angiogenesis in cancer has been treated by several authors in the last
two decades. Some mathematical models of angiogenesis existing in the scientific
literature consider systems of partial differential equations to model the process
(see Refs. 7 and 17 for details). The mathematical models of PDEs consider chemo-
tactic terms in one- or two-dimensional domains. Levine and Sleeman,'® Levine,
Sleeman and Nilsen-Hamilton'4 and Othmer and Stevens?®
PDEs using a probabilistic framework of reinforced random walks to obtain deter-
ministic models.

Anderson and Chaplain® (see also Ref. 7) proposed a model of tumor induced
angiogenesis consisting of three equations: a parabolic equation to describe the
behavior of the endothelial cells with chemotaxis and haptotaxis term, and two
nonlinear ODEs to model the concentration of fibronectin denoted by w and TAFs
by c. Recently, systems of three PDEs modeling cancer invasion has been analyzed

consider a system of

by several authors. Tao and Wang in Ref. 24 have proved global existence for a
parabolic—elliptic-ode system with chemotaxis and haptotaxis terms and logistic
growth (see also Ref. 25 for the case of nonlinear diffusion). Tao and Cui?® also
show global existence for a parabolic—parabolic-ode system with logistic source.
More recently, in Ref. 9 Hillen, Painter and Winkler have proved the convergence
of a cancer invasion model to a chemotaxis model in one-dimensional domains.
The structure of the paper is as follows. In Sec. 2 we study the local existence
of solutions, under assumptions (1.7)—(1.12). After that we obtain appropriate esti-
mates of the solution that provide global existence for N = 1,2 (see Theorem 3.1).
The most technical part of the proof is the L estimate and it is based on an
iterative method. The steady states of the system are studied in Sec. 4. Section 5
is devoted to the asymptotic behavior of the solutions. The results are presented in
Theorem 5.1, where under extra assumptions on the initial data we prove that the
homogeneous state is asymptotically stable. In Sec. 6 we present some numerical
experiments. Finally, the last section is devoted to a brief discussion of the results.

2. Local Existence
During the manuscript, for the sake of clarity, proofs are done for (1.1)-(1.6) with
D = 1. We left to the reader the trivial changes that are needed for D > 0.

Theorem 2.1. Let the initial data be positive and (po,co,wo) € (WH4(Q))3 with
s € (max{2,N},o0). Then, there exists a unique mazimal positive solution to
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(1.1)—(1.6) satisfying
(. ¢, w) € C([0, Tinax), (W*(2))%) N CH((0, Tinax), (WH*(Q)))? x W=()).
Moreover, if there exists a constant 6 such that
1p(8), c(t), w(t) lwroqpy < OT), 0t <T <00, t< Thna,

then Tpax = +00.
Proof. Let us consider the open set G C R? x R, defined by
G := (=8, +00)>.

We denote by a' = a'(p,c,w) € C®(G, Maxa(R)) the matrix

1 -
al _ 1+c
0 1

and by a? € C*(G,R?) the vector

a® = (0, pp).
Let u = (p,c). We define the following differential operators

0 0 b o
Aww) == (). datun) = = (2w,

ar\" oz
and
ou ow
Bi(u,w)u =a o Ba(u, w)w = a o

Let f1 = (Ap(1—p), —c—ppc) and fo = yp(1—w); then (1.1)—(1.5) can be written as
ug + Az (u, w)u + Az (u, w)w = fi(u,w) in 2 x (0, +00),
wy = fao(u, w) in Q x (0, 400),
Bi(u, w)u + Ba(u, w)w =0 on 99 x (0,+00).
Since the principal part of A; with the boundary condition satisfies condition (iii)
of Remark 4.1(a) of Ref. 1, we can apply Theorem 6.4 of Ref. 1 to get the existence
of a maximal weak solution. Next the positivity of ¢ and w is a consequence of a

standard maximum principle for parabolic equations. However, the positivity of p
demands an additional work, to this aim we introduce the functions

0 lfSZO, 0 lfSZO,
s . 52 .

H(s) := - if —e<s<0, ¢c(s):=14 5 if —e<s<0,
-1 if s < —e, —S—E if s < —e.
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Notice that ¢. = H,, sHe(s) < 2¢. and

0 ifs>0,
1
Hl(s) =< -~ if —e<s<0,
€
0 ifs<—e

We multiply (1.1) by He(p) and after integration over  we obtain

/ / H! (p)|Vp[?

/H’ (—Vc—i—pr) -Vp—i—/QHe(p))\p(l—p).

d
H.(p) = < [ 4.
/th (p) dt/ﬂqﬁ (p)
/ « / 2 / 2
el v/ <

/QHe(p)pHCVp Ve < = /H )Vl /H )2|V|

/Hé(p)pprVw < Z/ Hé(p)IVp|2+/ H.(p)p®p*|Vwl|?,

Q Q Q

H (p)Ap(1 —p) < 2X(1 +9)de(p) = kode(p),

for some 6 > 0. Therefore we have

G | oo+ 5 [ HeI©L

2v 2
< [ o S+ [ B el b [ o).

Since

Since
0 < H/(p)p* <e

and ¢ > 0 we have

& [ ot < e [ 196+ [ [wul] k0 [ 0.0

After integration over (0,t) for ¢t < Tiax, we obtain

t
/ 6u(p) < ehycho! / ¢hor / (IVel? + [Val?).
Q 0 Q

By definition of weak solution we know that c,w € L?(0,t, W'2) therefore

t
ekzlekot/ e ko7 / (IVe|* + |[Vw|?) < €ky  for any t € [0, Tiax),
0 Q
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/Q 6.(p) < ehs.

Taking limits as € goes to 0 we have [, ¢o(p) = 0 which concludes the theorem.

which implies

O

Remark 2.1. Since p € C((0, Thax), WH5(2)) NCL((0, Thax), (WH4(Q))’) we have
that p € C'((0, Tmax), L(9)).

Remark 2.2. In the case N = 1 we can pick s = 2 because it satisfies W12(2) —
L>(Q) a condition that it is required to apply Theorem 6.4 of Ref. 1. We have not
included this case in the previous theorem in order to simplify the notation.

In order to conclude this section we show that if the initial data is sufficiently
regular and satisfies a compatibility condition then the weak solution is a classical
solution.

Theorem 2.2. Let s > N +2, a=1—(N+2)/s >0 and assume that
(ps e, w) € C([0, Trmax), (W*(2))*) N CH((0, Tanax), (WH*(2)))? x W#(€2))
is a weak solution to (1.1)—(1.6). Then if (po,wo,co) € (C*+*(Q))3 and

dpo < a  Oc awo)_o Oco

o P\ TTaan P an o (2.1)

on 9Q x {0} then
(p, c;w) € (CEFOTT2(Q x [0, T7))*

for any T < Tiax where Tiax is the mazimal existence time for the weak solution.

Proof. The new variable z = e~ ?“p satisfies

oz

2t z+pVw - Vz e c— 1+ —Vz-Ve
Ve2 - 2 Vw-Veth

(1+ )2| | T3oVY ¢+ h(z,w),

where h(z,w) = Az(1 — zeP?) — pyeP?2%(1 — w). By Theorem 9.1, Chap. IV of
Ref. 12 for ¢ = s we know that

2 € W2HQ x (0,7)).
Therefore, the embedding

W2 % (0,T)) = CHH(F2(Q 5 [0, T7)
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entails that 2(t) € C1T(Q) for each T' < Tinax. Since, w; = yze P¥(1 — w) then

t
()l grse < llwollrra +7 / lze=P2(1 = w)lleareqay
t
< ||w0||cl+a((2) + C’Y/O e™”(1 — w)Hcl+a(Q)HZ||cl+a(Q)
t
< Jwllorsegy + C / [l rse ey 12l or e

t
< Jwollerra) + Clt)y / lllrsey.

By the Gronwall lemma we obtain w € C([0, T]; C***(€2)). Moreover,
wy = yze PY(1 —w) € CTT(Q).
Hence
w e CH([0,T); C*H(Q)). (2.2)

On the other hand, ze?” € C**/2(Q x [0, T]) and applying Theorem 5.4, Chap. TV
of Ref. 12 we infer that ¢ € C?+®1+2/2(Q x [0,T]). In particular

Ac e C4°2(Q % [0,T)). (2.3)
Thanks to (2.3) and (2.2) we can deduce by Theorem 5.4, Chap. IV of Ref. 12 that
z € CFrlra/2(Q) [0, T)).

Again, by the Gronwall lemma we get that w € C1([0,T]; C?**%(Q)). Finally, since
wy is a product of C1([0,7];C?*T(Q)) functions then w € C2%([0,T]; C?*T(Q)).
In particular, w € C?+®1+e/2(Q x [0, T]). Since, p is a product of C?+e1+e/2(Q x
[0, T]) functions then p € C2t*1+2/2(Q x [0, T]). This concludes the theorem. [

3. Global Existence

In this section we study the global existence of solutions. As we have seen in the
previous section we just need to find bounds of the solution in the Sobolev space
W1#(Q). The main difficulty we encounter here is the way of coupling between p
and w. In fact the lack of regularization effect in the space variable in the w-equation
and the presence of p there demands tedious estimates of the solution. During the
following lemmas we will obtain proper bounds of the solutions from the L'-norm
till the Whs-norm by a bootstrap argument.

From now on (p,c,w) is the unique maximal weak solution provided by Theo-
rem 2.1 and T' < Tax- In order to avoid regularity problems we assume in the rest
of the paper that the initial data satisfies (1.12) and (2.1).

Lemma 3.1. We have

0§/p§cl ::max{/po,|ﬂ|} for any t <T.
Q Q
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Proof. We integrate (1.1) in the spatial variable to obtain

i = [
— [ p=X[] p—X] p% 3.1
dt Jo Q Q 31)

and Holder’s inequality yields

os/stﬂli(/QpQ)%.
p<a - m(/ f'

After solving the differential equation the proof ends. O

Therefore

Lemma 3.2. For any t < T we have

/ot/gp2 < eoft) =1 (1/A + ).

Proof. Integrating (3.1) on the interval (0,¢) and thanks to Lemma 3.1 it results

t 1 t

//p2:X</p—/p0> +//p§c1(1/A+t),

0Jo Q Q 0Jo
which ends the proof. O
Lemma 3.3. For any t < T we have

t
/ 6_25/ p?ds < lpoll Lt () + c3lA =2,
0 Q

where c3 is a constant which does not depend on t.

Proof. On multiplying (3.1) by e~ ?" and subtracting the term —2e~% [, p we

obtain
i(e%/p) _ ()\—2)67275/]3—67%/]72.
dt Q Q Q

Upon integration on the time interval (0,¢) we get

t t
/e_zs/pzdsz_e_zt/er/poJr(/\_Q)/ e—QS/p
0 Q Q Q 0 Q

Applying Lemma 3.1 in the above equality the lemma follows. |

Lemma 3.4. For any t <T we have

pu—pﬁ<cux
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Proof. We integrate (1.1) over (0,¢) x 2 to obtain

/\/Ot/gp(l—p)=/ﬂp(t)—/ﬂpo.

Finally taking the absolute value of both sides of the above equality and by
Lemma 3.1 we conclude the proof. O

Lemma 3.5. For any t < T the component ¢ decays exponentially to zero. More
precisely we have

0< e < Jleollpme™ (3.2)
Proof. We know that p > 0 and by regularity p € L*(0,¢; L>°(2)). Hence, the

standard sub-supersolutions method is available. Let us observe that ¢ = 0 and
¢ = ||col| Lm(g)e’t, and are sub and supersolutions respectively to the problem

— Ac+c— pupe =0,

Oc
on

c(z,0) = co(x).

As a consequence, we have that ¢ € (¢, ¢) which ends the proof. O

Lemma 3.6. Let T > 0. Then the following inequality holds:

T
| el + [ 196 < ieallolf oy + ool e
0

where ¢4 1s a positive constant independently of T .

Proof. We take ¢; as test function in (1.2) to obtain

/Q|Ct|2+§£</ |VC|2+C ) ——/j,/pcct,

By Lemma 3.5 the last term in the above equation is bounded in the following way

2 1 2 _ 1
s ] <2 [ [ el [} [
Q Q Q Q Q

Therefore
l/ Ict|2+——</ Vel? + ¢ ) < llcollZ o () e*%/p?.
2 Jq 2 dt =2 ) o

We integrate on the time interval (0,¢) to get

t t
//|cs|2+||c||‘§,1(m gﬁuconim(m/ e*2S/p2+IICoH%I<Q>~
0 JQ 0 Q

By Lemma 3.3 the lemma is proved. O
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Lemma 3.7. For anyt <T we have

t 1 t
/\Vc(t)\Q-i-//\Vc\2+—//|Ac|2§057
Q 0 Ja 2 Jo Ja

where cs does not depend on t.

Proof. We multiply Eq. (1.2) by —Ac and integrate over {2 to obtain

Vel? + /A62+/ VCQZM/]?CAC.
57 1Vl + [ jack+ [ ver—u [
Since
‘,u/QpCAc _'u2 /p 4 = /\Ac|2 e |lcol|7 Q)/p +35 /‘ACP

we have
d
G Lver+ [iad v [ Ve < pe el [
Q Q Q Q

We integrate on the time interval (0,%) to get

t T
[1vetwr + [ [ A +209e) < w¥leallaey [ e [ #2412
Q 0JQ 0 Q

By Lemma 3.3 the proof ends. |

Lemma 3.8. Foranyt <T
[ wetor < ( [ [l + il ).
Q Q
where ca(t) is a linear function of t (see Lemma 3.2).
Proof. As in the previous lemma we multiply Eq. (1.2) by —Ac to obtain

d _
G Vel 2 [ [0 < wlealaqoe ™ [ 5
Q Q Q

Solving the previous differential inequality we infer
t
[iweor < ([ vap +itali [ [ ).
Q Q 0 Jo
Finally, we apply Lemma 3.2 to conclude. O

Lemma 3.9. For any t <T we have

w(t) < max{|lwol g (), 1}-
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Proof. We solve the differential equation (1.3) to get
w(z, t) = e_"fotp(wo -1 +1 (3.3)
by the positivity of p and we have the result. O

Lemma 3.10. For anyt < T andn € (1,+00) there exists k(n, ||pol|Ln (), T) < o0
such that

ol Ln o) < k.

Proof. We introduce the new unknown ¢ defined by
g=plc+1)"% " ie p=gqlc+1)%"", (3.4)
which satisfies
gr(c+1)%e =div((c + 1)’ Vq) + AM(c+ 1)’ q(1 — (¢ + 1)%e”q)
— g (1 +¢)**e® (1 — w) — ag(e + 1)
ceP(Ac — ¢ — peq(c+ 1)%eP?). (3.5)

Having in mind previous equality we compute

1d

L q" (e 1)) = " Ldivi(c+ 1) Vg)

+Ac+1)%"q" (1 — (c+ 1)%e’™q)

1_
—+

(’YPQ"+1(C+ 1)**e*™ (1 — w)

+ aq"(c + 1) LeP(Ac — ¢ — peg(c + 1)%ePv)).

After integration in the spatial variable we have

1d 4(n—1) n
- n 1)%ePv — — lapwv52
L [ vrer - 22D [ e nyernvgt|

+)\/Q(c+1) e’q" (1 — (c+ 1)%e"q)

1 1
+ <— - 1>Wp/ "1+ )?*e? (1 — w) + <— - 1)a
n Q n

: / q"(c+ 1) e’ (Ac — ¢ — peg(c +1)%e™).
Q
Since 421 > 2 (for n > 2) we have that

d .
E/ q”(c+1)”‘€"’”+2/ Vg |? Snko/ q"(1+ |Ad]) + n(k —A)/ "t
Q Q Q Q

where

ko = ko(A, a, [[coll oo (ys [lwoll Lo (@) B1 = ki(a, p, p, || coll Lo () [|wo | Loe ()
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We introduce the change of variable z := ¢ to get

pn ,22(c—|—1)°‘e”“’—|—2/Q|Vz|2

< nko/ 22(1+ |Ac|) +n(ky — )\)/ Pl (3.6)
Q Q

We estimate the first term in the right-hand side of the above equation using the
Gagliardo-Nirenberg inequality in dimension 2 (that it is also true in dimension 1)

[ < ( / ) ( / |Ac|2) < Ozl o 121 sz 1Al 2o

and Young inequality yields
0)?
||ZH%2(Q) |AC|2~
Q

/ 2?|Ac| < e/(|Vz|2 + 22) +
Q Q

We replace the above estimate into (3.6) to obtain

22(c+1)%PY + (2 — nk:oe)/ |V 2|2
Q

2
Snkzg<1+e+ &/ |Ac|2>/z2+n(k:1—/\)/z2+5. (3.7)
4e Q Q Q

In order to estimate |, 22+% we apply the Gagliardo Nirenberg inequality

dt

N 142
/Q 2 < C@llm@lzl 17

@
1+2
< c<ﬂ>||zHH1<Q>Hz||L2(m

< el ||H1(Q)+ ”ZHL2(Q + 1,

and then
i/ z2(c+1)ae”w+(2—n(kzo+kz1—)\)e)/ V22
at /.,
nkoC
< O oz [ A+ (1 + ok + (ks = )zl

+n(ky — A)?HZHiz(Q) +c3.

We take e (that depends on n) small enough to get

i/zz(c—l—l)"‘epw—i—/ |V 2|2

< 610Hz||2L2(Q>/QIACI2 +enllzlza) +erzllelza@) e (3.8)
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We define
Ym = / " (c+1)%erv
Q

and
ogm
Zm = (

then, by the boundedness from below of the weight (¢ 4+ 1)“e”® we have
d

Y + / Vom1l? < altyym + s, (3.9)
dt 0

where
a(t) = clo/ |Ac]® + 11 +012/ Zm.
Q Q

For m = 1 we know that z; € L1(0,T; LY(Q2)), therefore a(t) € L'(0,T) and solving
(3.9) we get

T
" < 0/ 2 < O(T), / / Va2 < O(T).
Q 0 Q

Now, we use induction to prove that y,, € L>(0,T) with m > 2. For this purpose
it is enough to prove that [, zm € L*(0,7'). We notice that

/Q o = /Q 2y < Cllamal Byl #malZae

:C(/ |Vzm_2|2+/zm_1)/zm_1,
Q Q Q

and by induction we get the result. O

Remark 3.1. Let us observe that during the proof of the previous theorem we

have to prove that for n > 2
T n
[ [ vt <o)
o Ja

Remark 3.2. At this point we should point out that by contrast with previous
lemmas the L™-bound depends on the time variable. Actually in Sec. 5 we will be
able to remove the time dependence under some additional conditions.

Lemma 3.11. For every t <T and any k > 1 we denote by Q(t) the set
Qi) :={z € Q:q(x,t) >k}
and |Q(t)| stands for the Lebesgue measure of Q(t). We have
(k+ D))V < O(T),

where C' is a constant that does not depend on k.
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Proof. By the representation of the L?-norm of g with the level sets we obtain

k 00
1
(w4MWW</ ﬂmwm</ SN (0)]ds = —— [lg(t) | 2o e
k—1 q+1

0
Next we pick ¢ = 16 and we apply the previous lemma to get the result. O

Lemma 3.12. For any s < co we have
T
/ /|ct|s+|Ac|s < (1), (3.10)
o Ja
Proof. Let f := —pc; then ¢ solves the linear problem

—Ac+c=f

with Neumann boundary conditions. Next we apply Remark 48.3 on p. 439 of
Ref. 21 to get

H ;L3 (92))-
Finally, the lemma follows by Lemmas 3.10 and 3.5. O

Lemma 3.13.

sup _|[pllze(q) < C(T).
t€[0,T7]

Proof. Let ¢ = (¢ — k)4 where ()4 denotes the positive part function and ¢
is as defined in (3.4). On multiplying (3.5) by gr and following the estimates of
Lemma 3.10 we obtain

1d
——/ﬁ@+n%ws—/@+n%ww%ﬁ

+C</ qi’+k/qﬁ+/qk+/(q§+qu)lAC|>~
Q Q Q Q

We add the term [, g} to both sides of the previous inequality, we multiply by 2
and by the bound 1 < (¢ + 1)%e”* we get

d
dt/qk(c+l) epw+2/qk< 2/|qu|2—i-C/qk—i-C(k—i—l)/q,C

+l<:2/ qk+c/(q,%+k:qk)|Ac|. (3.11)
Q Q

In what follow we estimate the positive terms in the right-hand side. By the bound-
edness of ¢ in L™ for any n € (1, 00), the Gagliardo-Nirenberg inequality (in dimen-
sion 2) and the Young inequality we obtain

CllarllEsy < Cllaeltsy < larllinoy lasllziia) < ellgeli @) + C@llarlZs )

< ellaellzro) + C@llarllLr @
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In the same manner we have
Cle+1) [ gt < Ok + Dlaclollanlmio
Q

< EquH%ﬂ(Q) + C(k +1)lgrllLr o)

Next, by the Holder inequality, the Gagliardo—Nirenberg inequality and the Young
inequality we infer

C/quaﬁd < larllZaoyllAcl o) < llarllczllar o @ | Adl 2o

< ellgrllingy + Ce)llarlliz ) llAcllZz (o)

Finally, we estimate the last term in the right-hand side by the Sobolev embedding
to get

ol / arlAcl < R Tign | 7o i sy 1 Aell e
= CE|Q% > *|ar || a1 ) | Al 30
< EquH%Il(Q) +EC(e)(1+ HAC||8L8(Q))|QIC|3/2-

Putting the previous estimates into (3.11) we obtain

d
L lerner + (26 / 2

< (6—2)/Q|qu|2+1<1’4C(6)(1+IIACHE;Ls(m)IQkI‘?’/2

+ C(G)HQk||2L2(Q)HAC||2L2(Q) +Ck+ 1)l grll L1 (-
Next, we handle with the L'-norm of ¢ in the following way
Clk+1)%lgrllLr ) < C(k+ 1%L, Nl Larsoyllarll o)
< ellgrll3n ) + Cle)(k + 1)* Q2.

Therefore, we have

d
— q,%(c+1)o‘e”w—|—(2—e)/ q,2C

<(e—2) /Q [Vail* + (k+ 1)*C(e)(1+ [|Ac] Fs ) 1/
+C(Olarll T2 1Acl 2 (q)-
Let us denote by
o) = [ il e,
Q

Now, we pick e sufficiently small to get € — 2 < 0 and we apply Lemma 3.11 to
remove the polynomial growth of the constant with respect to k. Since the weight
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(¢ + 1)®eP™ is bounded from up and below by positive constants we obtain the
following differential inequality

y'(8) + oy(t) < Cle)llAc) Ty (t) + C)(L + |Ac] Fa ()|,

where o < 2 is a positive constant. Hence, if a(t) = o — C’||AcHig(Q) and we solve
the differential inequality we get

t .
y(t) <e~ Jo a(s)ds/ C(l + HAC”§8(Q))BI‘; a(g)dU|Qk(3)|5/4dS.
0

Let us observe that by Lemma 3.7
e~ j[)t a(s)ds _ e—o‘tec jot ”ACHiz(Q)dS < Coe—at and efot a(s)ds < eat'

As a consequence, applying Lemma 3.12 we have

t
y(t) < e='Co / C(1+ [|Ac(5) [Ss(y)e™ds sup [9(8)[7/*
0 t€[0,T]

< C(T) sup [ ()]>*.
te[0,7)

From the previous estimate we infer
5/4
lakll72(q) < Cy(t) < C(T) ( sup |Qk(t)|> :
te[0,7)
On the other hand, since §2; C Qy, for j > k > 1 then
oo > [ a = G- KPR
Q5 (
Therefore, we have
5/4
(j —k)? sup [Q;(t)] < O(T) ( sup IQk(t)l> :
te[0,T] te[0,T7]

Let ¢(s) = supye(o 1) [2s(t)[, so we may rewrite the above inequality as follows:

0(j) < C(j — k) ~2(p(k))>/*.

Since ¢ is a non-negative and non-increasing function by Lemma B.1, Appendix B
on p. 63 of Ref. 11 there exists kg < oo such that p(kg) = 0. Therefore gy, = 0
which ends the proof. |

Lemma 3.14. For any t <T" we have

/ Vol < C(T).
Q
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Proof. We know that
wy = yg(c+ 1)%” (1 — w).

From the above equality we easily obtain

d
2_dt/ |Vwl|? :7/(c—|— D% ”(1 — w)Vq - Vw
Q Q
+a'y/(c+1)o‘_1epw(1 —w)Ve-Vw
Q

+y / glc+ 1) (p— pw — 1) Vul?.
Q

Hence, previous lemma entails

2dt/|vw‘2<c (/ Val® + /|VC|2 /IVwIQ) (3.12)

By Remark 3.1 and Lemma 3.7 we know

/OT (/Q |Vaq|* + |Vc|2> < C(T).

Therefore, solving the differential inequality (3.12) we conclude the proof. O

Lemma 3.15. For any t < T we have
[e@®)[[wro(q) < C(T).
Proof. Let us note that ¢ solves the linear equation
—Ac+c=f
under Neumann boundary condition with f := pc. Since

1 £l o= 0,7:Lm () < C(T')

for n > 2 we can use linear semigroup theory to conclude the lemma (see, for
instance, p. 430 in Ref. 19 or Lemma 4.1 in Ref. 10). O

Lemma 3.16. For any t <T there exists C(T) such that
/|Vp|2<C /|VZ|2<C //zt<C
where z = e~ P¥p.

Proof. Let us note that 2z satisfies

1+ec
+Az(1 — zePY) — pyefU 2% (1 — w).

pw
2 =e€ PV (e’Vz) —e PV - <aze Vc)
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Taking z;eP" as test function in the above equation and integrating in the spatial
variable we deduce

/ ePv 22 +/ e’Vz - Vz
Q Q

- _ ol Y g, ver PPy v Vel2 + —A
/tae <1+c z C+1—|—c w-Ve— (1+)| c|—|—1+ c
—|—/ 2P (Nz(1 — zeP™) — pyeP  22(1 — w)). (3.13)
Q

Notice that

d
/Qe”“’Vz -Vz = 3t /., ePP|Vz|? — % /Q ez (1 —w)|Vz|?,

pw
—/ .. Vc<6/ e”“’+C’(e)||VcH%(X,(Q)/e‘"”|Vz|2,
0 1+ec Q Q

azef? w
—/ 222G, Vc<e/zt26p +C(E)HVcH%oo(Q)||ZH%00(Q)/ Vw2,
o l+c Q Q

aze
7V02<e/zze”w+06 Vel oo o 1211200 oy
/ (1_|_ )2| | 0 t (elVelly (Q)H Iz ()

azel? / 9 / 9
- z Ac<e ZePv 1 C(e)||z)|? Ac|?,
|25 aeze | @l ey [ 1A

/ 2P (Az(1 — zeP™) — pyeP* 22 (1 — w)) < 6/ z2e’™ + C(e,T).
Q Q

(3.14)

We pick € < 1/5 to obtain

jt/eﬂw|w|2<c (/ V22 + /|vw\2 /|Ac|2+1)

Solving the above differential inequality we get the bound for Vz(t) in H(Q). At
this point we easily get the bounds for z;. O

Lemma 3.17. We have
T
| 18210 < c)

Proof. We know that

az

zt—Az—l—pr-Vz—rAc 1+ —Vz- Ve
2_—

(1+ )2|V| TTe Vw - Ve + h(z,w),
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where h(z,w) := Az(1 — ze”™) — pyeP*22(1 — w). Hence,

T T
/0 18222 < C(T) / (lzel20y + IV - V2220
+IV2 - Vel e + Vel 72
IV Vel 2oy + 17z )]2a0)- (3.15)

In order to see an upper bound of the right-hand side term of the (3.15) we just
need to find a bound for the term fo |[Vw - Vz|)3. )- By the Holder inequality we
have

T T
/0 IV V]2 < / IVl 40 |V 2120 (3.16)

Next lines are devoted to find a bound for ||Vw||2L4(Q), to this end we take gradient
in the equation for w to get

Vw, = (e (1 —w)Vz + pzeP” (1 — w)Vw — zeVw).

We multiply the above equality by Vw|Vw|? to deduce by the Young inequality
that

HVwHL4 ) < CUIVzlzag) + 12l =@ IVwll74())-
(©)

Solving the differential inequality and thanks to Lemma 3.15 we get

vaHL4(9 < (T <1+/ ||VZ||L4(Q )

where C1(T) := ¢ J& Nzllzee o maX{HVwo||L4(Q C'}. Therefore, by the inequality
22 4+ 42|z < || + |y| we deduce

%
1
IVw|[a(qy < C1(T)? <1+ </ IV 24y ds ) )

Coming back to (3.16) we have

T . T ¢ i
| 19w el < ci) | <Vzi4m>+( / ||Vz||i4<g>ds) ||Vz||%4<g>>
1 4 2 4 i 4
~cim) | VzL4<Q>+(||Vz||L4(Q> / ||Vz||L4(Q>ds) .

[N

‘We notice that

t 1d t 2
4 4 _ 4
LIV @172 = 5 ([ 190y )
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and by the Holder inequality in the time variable

we infer

=

I
S—

T ¢ 3
/ (HVAﬁAm>/’HVﬂﬁﬂQyw)
0 0
T t 2
1d
53;(K;'v40>i%mda)]
-Td t . 2%
|5 ([19:twao)

[ T
Avawim47

T . T
AIWWVﬂ%@SCﬂﬂAIWAﬂ@@M

IA
|2

[N\
o3

1
2

T1/2

T

T
Avawmmwﬂ

Now, we apply the Gagliardo—Nirenberg inequality

to get

IV2l|74q) < COONA2] L2 V2l L2

T T T
A\Wwvm;QSeA|mam@@w+ch|ww;@

1
2

T
+CXT)KA 121200 192120

By Lemma 3.16 we have

T T

[N

T
A|Mﬂ%@]

Next, we pick € small enough and thanks to (3.15) we have

2

T
C(T) /0 ||Az||§2(9)] . (3.17)

T
2

In order to conclude the proof we notice that the inequality x < A + B2 implies
the boundedness of . O

Lemma 3.18. We have that

121l L2(0,7;m2 () < C(T).
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Proof. Let us define the set

K::{gaeHz(Q):g—i:Q/an:O}.

It is known that —A is an isomorphism from K to L?(f2). Since z — z € K where
=_ 1
z = @ fQ z then

2l z2) < 12 = 2llm2@) + 12l m200) < 1A = 2)|IL2(0) + 1212200
= [|Az]|z2(q) + C,

which ends the proof. O

Remark 3.3. Thanks to the previous lemma and the Sobolev embedding we may
assert that Vz € (L2(0,T; L™(Q)))N for any n > 2.

Lemma 3.19. For anyt <T and n > 2 we have

lw(t)|[wino) < C(T).

Proof. We take the equation that satisfies Vw; we multiply it by |Vw|*2Vw and
we integrate in the space variable to get

d n
i [ vl <c@) [19u + C@IVE oy Velo)
ndt Q Q

< C(T)/Q [Vw[" + C(T)(L + [IV2] 20 () (1 + IVl q))-
Let us observe that the above inequality can be rewritten in the form

y'(t) < a(t)y(t) +b(t),

where y(t) = [, |[Vw|™ and a(t),b(t) € L*(0,T). Therefore, solving the differential
equation we get the result. O

Lemma 3.20. For anyt <T and n > 2 we have
[P0y < C(T).
Proof. Let us note that the equation for z can be rewritten in the form
zt = Az + b(x,t) - Vz + a(z, t)z,
where

16/ (0, 75~ < C(T),  lallzso,r;05 ) < C(T)

and

L ([0l 2ot erinoq@yy = b flall o, irLs () = 0.
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Therefore, by Theorem 9.1, Chap. IV of Ref. 12 (¢ = 5) we have

||ZHW52’1(Q><(O,T)) < C(T).
Since ¢ > N + 2 the corollary after Theorem 9.1, Chap. IV of Ref. 12 asserts, in
particular, that

|2(O)]|[wrm) < C(T).

From here we easily get the result. O

Theorem 3.1. Under the assumptions (1.7)-(1.12) and (2.1) there exists a unique
global classical solution to (1.1)-(1.6) satisfying

(p, c,w) € C2Het+a/2(Q) 5 [0,T])

for any T < +o0.

Proof. The result is a consequence of the local existence result given in
Theorem 2.1, the bounds of the unknowns in L>°(0,7; W1#(Q2)) and Theorem 2.2.
O

4. Steady States
We study in this section the positive steady states of (1.1)—(1.5) defined by

div(Vp —p<1i+cw+pvu;)) SAp(l—p) =0, z€Q,

p(1—w) =0, x € Q,
—Ac+ (14 pp)e=0, z €,
and the boundary conditions (1.6)—(1.7) for each x € 9f.
Lemma 4.1. The positive steady states of (1.1)—(1.5) are defined by
(P ¢, w) = (1,0,1),  (p,¢,w) = (0,0, w),

where W is any function in W25(Q).

Proof. We multiply the c-equation by ¢ to obtain

/ |Vel? + (14 up)c® = 0.
Q
Hence, we have ¢ = 0.

Case 1. w =1 then p > 0 is a solution to
dp
—Ap = Mp(1 — — =0.
p=(1-p), o=
Clearly p = 0 and p = 1 are solutions to the above problem. Moreover, by Lemma 1
of Ref. 6, p =1 is the only positive solution.
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Case 2. w # 1 then either p=0or p # 0. If p # 0 then z > 0, z # 0 satisfies
0z

—Az+pVw - Vz+ X2’ =Xz, — =0.
on
Thus, z is a strict super solution of
0
(—Agp + pVw - Vi + Apzef?, 8_2)

Therefore, by the strong maximum principle (see Theorem 2.4 of Ref. 2) we have
z(x) > 0 for each z € Q and, as a consequence, p(z) > 0 for each x € Q that
contradicts p(1 — w) = 0 and ends the proof. O

5. Asymptotic Behavior

In this section we study the long-time behavior for (1.1)—(1.5). We restrict our
study to domains up to dimension 2. Basically, we will have two kind of restrictions
ensuring the convergence to the homogeneous steady-states. Both conditions involve
only to the initial data wy.

Lemma 5.1. Under conditions of Theorem 3.1 we have

+oo
[ [ o1 o =t
0 Q

Proof. We multiply the w-equation by H(w — 1) (the Heaviside function) to get

d
E/Q|w—1|——/ﬂp|w—l|. (5.1)

Therefore, integrating the above equation on the time variable the lemma is
concluded. O

Lemma 5.2. Under conditions of Theorem 3.1 we have

+oo
/ /P|VC|2 <C
0 Q

Proof. By the Holder inequality and the Gagliardo—Nirenberg inequality we

deduce
“+o0 ) “+o0 )
E/ /mw4s/ 19l 2@ Vel 2
0 Q 0

+oo
sA ol 22 1Al oo Vel e

for some positive constant C.

e 2 2 1 e 2
<5 [ Wbl Velbae +5 [ Iaclto,
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By Lemmas 3.7 and 3.8 we infer

oo oL [T 2
/ / p|Vel]? < 5/ 1Pl Z2(0ye ™2 (C + Cs) + C.
o Ja 0

Next, we apply Lemma 3.3 and the bound se™¢ < C(e) for any s > 0 to get
oo 2 T oy e
| [everzcre [ e i,
0 Q 0
Finally, we pick € < 2 and we argue as in Lemma 3.3 to conclude the proof. O
Let us denote by p the mean value of p i.e.

e [
19l e

Lemma 5.3. Under conditions of Theorem 3.1 we have

/Q(p—p)r“<0/9@

for some positive constant C.

Proof. Notice that the Poincare-Wintinger inequality and the Hélder inequality

assert
2
_ Vpl|?
/(p—p)2<0</|Vpl> SC/p/—| PI”
Q Q Q Ja P

Thus, by Lemma 3.1 the lemma follows. O

Lemma 5.4. For everyt > 0 and k > 0 the following equality holds:

where

Fpw) = [ Vol + [ pap=1)+p [ pw=1) =3 [ pw=1)%

_ |Vp|? / o / p
G(p,w,c) = / T+e Vp-Ve+ | ayr(l w)+ap)1+CVc Vw

Q
+/Q(p — 29k + 2pyR(1 — w))p|Vw| +>\/Qp(1—p)lnp
—p)(w — (1 —w
+/\p/ﬂp(1 p)( 1)+w/gp (1—w)
—|—272/1/Qp2(w—1)2—)\7/1/S)p(1—p)(w—1)2.
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Proof. From the w-equation we have

d
/1—/ |Vwl|? :27&/(1—w)Vp-Vw—2w1/p|Vw\2. (5.2)
dt Jo Q Q

Next, we multiply the p-equation by Inp and we integrate in the space variable to

get
d [Vpl?
dt/ p(lnp—1) = / +/er Vc—l—p/Vp-Vw
—|—)\/ (1—p)lnp. (5.3)

Moreover, we know that

d p 2/ 2
= — 1) = — VoV £ vV \V4
pdt/ﬂp(w ) p/Q D w—i—ap/ﬂl Ve w+p Qp\ w

+>\p/ﬂp(1—p)(w—1)+w/ﬂp2(1—w), (5.4)
and
vi— | pw—1)2 = —2’m/(w —1)Vp-Vw+ 20(7/1/ pw Vc Vw
dt Jo Q Q
—|—2p7/1/ (w — 1)p|Vw|* — 27%/ p?(w —1)2
Q Q

+lega—mw—n?

Hence, adding (5.2)—(5.4) and subtracting the above equality we deduce the result.
O

The following lemma will provide us a some crucial estimates that will allow us
to remove the time dependence of p in the L>-norm. Let us denote by (H1), (H2)
the following hypotheses:

(H1) Jlwo — 1|z () <9,
(H2) wo > 1.

Lemma 5.5. There exist 6,k > 0 such that if (H1) is satisfied then

v 2
Glpyw,c) < /'p' /Mw—n+a>AMV&—eAmvw2

for some € > 0.
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Proof. By the Hélder and Young inequalities we have

« |Vp|2 / 2
—V -VcSe/——i—Ce Vel|?,
/QHC p [ 22109 [ pive

/(2@7/{(1 —w) + ap)LVc -Vw < e’/ p|Vw|? + C(€) / p|Vel?,
Q 1+c¢ o) O

for any €, ¢’ > 0. Let us denote by 6(p, w) to the lower-order terms of G(p,w, ¢)
0(p, w) = /\/Qp(l —p)lnp+ Ap/gp(l —p)(w—1) +%0/Qp2(1 —w)
+2'yz/§/ pA(w —1)% — )\’}/Ii/ p(1 —p)(w—1)2
Q Q
Since s(1 — s)Ilns < 0 for s > 0 it results
0. w) < pr+7) [ #Pho =11+ 39 [ sl =11+ 9x(0+29) [ PP = 1)
Q Q Q

< (P +7) + y8(A + 27) o — 1||Loo<m>/ﬂp2|w 1 +Ap/ﬂp|w =1

Next, we apply Lemma 5.3 to get

/p2|w—1|S/(p—ﬁ)2|w—1|+2ﬁ/plw—1l
Q Q Q

< ||w—1||Loo<m/ﬂ<p—p>2+2c/ﬂp|w—1|

\V4 2
< w — 1||L°°(Q)C/ [Vpl” +2C/ plw —1].
Q P Q
On the other hand, from the w-equation (see (3.3)) we have
lw(t) = 1= < [wo = 1L=(@), VE=0.

Hence, previous estimates assert
\V4 2
G(p7w7 C) S kl(’lU(), €, '%)/ % + k2(w07 €, '%)/ p|vw|2
Q Q

—|—C’(€,e’)/p|Vc|2—|—C’/p|w—1|,
Q Q
where

ki(wo, €, k) == €+ (p(A + ) + va(A + 27)|wo — 1| Lo (0))Cllwo — 1| o) — 1,

ka(wo, €, k) == € + p* + 2pyk|wo — 1| oo () — 275
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In particular, we pick x > 0 such that p? — 2yx < 0. Then for €, € > 0 sufficiently
small there exists 6 > 0 such that

Ei([lwo — 1| o)) < k1 <0, ka(lwo — 1 poe()) < k2 <0

whenever [Jwo — 1|z q) < 0. O
Lemma 5.6. There exists § > 0 such that whenever (H1) holds then

/ PO np(t) < C, Vi,
Q

+o00 \v4 2 +oo
/ /|p| +/ /p|Vw|2§C’.
0 Q P 0 Q

for some constant C > 0.

and

Proof. Combining Lemma 5.4 and Lemma 5.5 we infer

d |VP|2 2 2
—F(p,w) < —e [ ——+C(e) | plw—1]+C(e) [ p|Ve|" —€ | p|[Vwl|~.
dt Q D Q Q Q

Therefore, by integration on the time variable the above inequality and applying
Lemmas 5.1 and 5.2 we conclude the proof. O

Remark 5.1. The estimates provided by the previous lemma will allow us to
remove the time dependence for the L°°-norm of p. Such an estimate it is crucial
in our proof of the convergence to the steady-state.

In what follows we will show that the estimates of Lemma 5.6 also holds when
wo > 1.

Lemma 5.7. Under the assumption (H2) there exists a constant C > 0 such

that
oo | Vpl oo )
sup [ [p(t) Inp(t)] < C, — < C, p|Vuw|? < C.
t>0.JQ 0 Q P 0 Q

Proof. We consider the unknown v = w — 1. Since wy > 1 then, solving the
w-equation we have that v(x,t) > 0 for all (z,t) € Q x (0,400). Thus, /v is well
defined for each (z,t) € Q x (0,400). We know that

4 = o)

= —2p/p|V\/5|2 —p/ Vp - Vo.
Q Q



Global Existence and Asymptotic Behavior of a Tumor Angiogenesis Model 455

Moreover, we have (see (5.3))

d |Vpl|? @
- Inp—1 = Vp-V Vp-V
dt/@p(np )+/Q . /QlJGC c+p/Qp w

+)\/ p(1 —p)lnp.
Q
Adding previous inequalities we obtain
d 2p d
E/ p(lnp —1) + —p—/ VVol?
Q

v 2
:_/ﬂJr/—vp Vc+)\/ (1—p)1np—2p/p|V\/5l2
Q D 1+ Q

|Vp|? 2 2
1) +Cle) | pIVel* =2p | pIVVuI7,
Q P Q Q

for any € > 0. Thus, we pick € > 0 small enough and integrate in the time variable
to apply Lemma 5.2 which ends the proof. O

Lemma 5.8. Ifwy satisfies either (H1) or (H2) then there exists C > 0 such that

sup [|p(t)|| L) < C.
>0
Proof. We have that (see (3.7))

— [ e+ 1% + (2 — nk:oe)/ |V 2|2
dt o

Q
2
<nk0<1+6+&/|AC|2>/«22+n(k1—)\)/z2+5.
de  Jq Q 0

At this point, we estimate [, 2272/". We distinguish between the cases n = 2 or
n > 2. If n =2 then z := ¢. By (H1) or (H2) we have

sup [|p(t) np(t) (|1 () < C.
t>0

Hence,
sup |2(t) In 2(8) | 20 < C-
t>0

Next, we apply (22) of Ref. 5 to obtain

/ 22 < ellzllmollzn 2] o) + ClO)|2] i) < €llzllm@)C + Cle)llz]i)-
Q

If n > 2 then by the Gagliardo—Nirenberg inequality there exists k1(n) < 2 such
that

n ki(n ka(n
42“/<wuagwm@s¢w%@+anw;@
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Moreover, the Gagliardo—Nirenberg inequality also entails

HZ||L2(Q) < €||ZHH1(Q) + C(€)||ZHL1(Q)

We pick € > 0 sufficiently small in the previous inequalities and we substitute them
into (3.7) to get

d
—/22(c+1)ae”w+/22(c+1)o‘epw

2 k‘Q(n)
SC’/|AC|2/z2—|—C (/z)+</z) .
Q Q Q Q
Let us note that if we define
Ym = / " (c+1)%erv
Q

then from the previous inequality we obtain

d 2 2 2(m)

—Ym +Ym < ¢ [ |Ac|Tym + Cyp,— l+ym )-

dt Q

It is known that sup,~, yo(t) < C. As a consequence, if we pick m = 1 in the above
inequality and we solve the differential inequality we get sup,~q y1(t) < C. There-
fore, by a recursive argument we get that for any m € N we have Sup,so Ym(t) < C.
As a consequence -

sup [[p(t)||r) < C
t>0

for any n € N. From here, we just need to argue as in Lemma 3.13 to conclude the
lemma. O

Lemma 5.9. If either (H1) or (H2) holds then

Jm lp = pllr2(e) = 0.

Proof. We consider the function k(t) > 0 defined by

/ lp—p|*.

By Lemma 6.3 of Ref. 15 it is enough to prove that

—+o0 +oo
/ k(s)ds < oo, / '(s)|ds < 4o0.
0

In order to estimate fo > k(s)ds we just need to apply Lemmas 5.3, 5.6 and 5.7. In

fact,
+oo +oo 2
/ k(t)dtgc/ /|Vp| <c.
0 0 Q P
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An estimate for 0+°O |k’ (s)|ds will demand an estimate of f0+°CfQ p(p—1)2. To this
end we argue as follows:

1d D
—— —1)2=— /[ |Vp]? /V~V /—vv —/\/ —1)?
5 7 Q(p ) /Q|p|+9pw p+91+cc P Qp(p )

<(e=1) [ 9P+ [ @PTul 4 29eR) <) [ plo -1
Q Q Q
From the above inequality and Lemma 5.8 we easily infer

/Om/ﬂp(p— 1)?

On multiplying the p-equation by (p — p) we obtain

1
s 1< [ oo [ el s [ 59e)a [ olp=1lp-s
Q Q Q Q
< [1vok o [ ovup+ [ nve?)
Q Q Q
—|—)\</ p—1) —|—C’/p D) )

Hence, if we integrate the above inequality on the time variable we get

+oo
/ I (s)|ds < C
0

and the lemma follows. O

Lemma 5.10. If either (H1) or (H2) holds then
lim p(t)(p(t) —1)* = 0.

t——+o0

Proof. We integrate the p-equation on the spatial variable € to obtain

pt=>\<p—ﬁ/p2) =/\<p—ﬁ/(p—p)2—p2)-

As in previous lemma we introduce k() defined by

p—p)°
IQI/

pr=Ap—p>—k(t)).

We multiply the above equation by p — 1 to get

therefore,

%(ﬁ — 1?4+ M(p— 1) = —k(t)(p — 1).
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Next, we integrate over (0, 00) the above equality to deduce
A b= 17 < (00) - 1) +suplp 1] [ k)
0 t>0 0

Hence, we obtain

/ plp—-1)*<C. (5.5)
0
On the other hand, we have
d _, _ o L
PP =17 =p((p = 1)* +2(p — 1)
Since 0 < p < C and |p¢| < A(|p] + [ |lp(t) || L2(0)) < C we deduce
d
—p(p—1)? . .
S 17| <C (5.

By (5.5) and (5.6) we conclude that lim; . o p(¢)(p(t) — 1)2 = 0 (see Lemma 5.1
in Ref. 8). O

Lemma 5.11. If either (H1) or (H2) holds then

Jlim [p— 1 =0.

Proof. By Lemma 5.10 we have that either p — 0 or p — 1. We know that

mzA(p—pQ—ﬁ/Q(p—p)Q).

Moreover, Lemma 5.3 entails

[0 -p7 <op [ 25

As a consequence, if we denote by

_C [Vl
ot = |Q|/Q _—

1 / 9 i
—157 | (p—D)" = =b(t)p.
€ Jo
By the above estimate we have that
pe = M1 —p—b(t))p.

Notice that, by Lemmas 5.6 and 5.7 we know that f0+oc b(t) < k11 < +00. As a
consequence, we obtain

5> oet Ao PN S b(s)ds > 5 M=Af5 P(s) = A S5 bls)ds

we obtain

ﬁoektfk fot p(s)—A fooo b(s)ds > koektfk fot ﬁ(s).

In order to finish the proof we assume lim;_,;, p(t) = 0 and we will arrive to a
contradiction. Since lim;_, p(¢) = 0 then there exists Tp > 0 such that p < % for
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t > Ty. Hence,

t A
/ p< —(t—"To) + ky.
0 2
From the above inequality we deduce that
P> kgeNM2To—kigat (5.7)

which contradicts the assumption for sufficiently large ¢t and ends the proof. O

Theorem 5.1. If either (H1) or (H2) holds, then

i {Jw = 1| oo (@) = 0.

Proof. The proof is a consequence of previous lemmas. O

6. Numerical Simulations

In this section we perform some numerical experiments in order to illustrate the
results of previous sections as well as exploring the behavior of the system for some
small perturbations of the original model. In particular we will focus on the role of
different boundary conditions for the TAF at the boundary of the tumor. It seems
reasonable to think that TAF is continuously secreted at the boundary of the tumor.
The simulations are done in a one-dimensional domain applying an explicit first-
order finite difference scheme in time and a second-order finite difference scheme
in the spatial variable on an uniform mesh. Since the motion of endothelial cells is
driven mainly by chemotaxis and haptotaxis we assume

D<p, D<Ky.

Moreover the diffusion coefficient for the endothelial cells is much smaller than the
diffusion coefficient of the TAF. More precisely in Ref. 3 it is claimed that D ~ 1073.
In all the simulations we consider the following parameters:

1
Ax:%, At=10"% «=0.03, p=003, y=1, p=1, D=0.001.

Here Ax represents the distance between two points of the spatial mesh and At is
the time step. The initial conditions for the endothelial cells, TAF and fibronectin
are

polx) = e~ 10027 co(x) = 0.6e100(—1)* wo(z) = 1+ 0.2 cos(mx).

In all the figures we plot the evolution of the system at different times t = 1, t = 5,
t =10 and t = 40.

In Fig. 1 simulations indicate that the endothelial cells expand throughout the
domain, the TAF is decreasing to zero very fast and the fibronectin reach very
slowly the value 1.
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1.5 15
1 Tt~ == — T~
0.5 0.5
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0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
t=10 t=40
1.5 1.5
1
0.5
O L L L L
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Fig. 1. Neumann boundary condition.
t=5

t=10 t=40
15 15
1 B L P -
0.5 0.5 1
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ 1
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Fig. 2.

Dirichlet boundary condition.
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t=1 t=5

1.5

0.5

0.2

t=40

1.5

O.‘2 O:4 0:6 0:8 0.2 0.4 0.6 0.8
Fig. 3. Non-homogeneous Neumann boundary condition.

In Fig. 2 we have changed the boundary condition for ¢ at the tumor bound-
ary x = 1 and instead of Neumann we consider the Dirichlet boundary condition
¢(1) = 1.5. Here we observe that the motion of the endothelial cells is faster because
a higher gradient of TAF produced by the boundary conditions. Moreover, simu-
lations show that the TAF is monotone increasing as the distance to the tumor
decreases. The behavior of the fibronectin in that case is similar to the case with
Neumann boundary condition. It should be noted that endothelial cells remains
non-homogeneous and they do not reach the value 1 but remains close to. In fact,
the minimum is attained at = 0 and the maximum at z = 1. It seems that there
is a loss of endothelial cells because the flux at = 1 caused by the gradient of
TAF.

In Fig. 3 we consider the non-homogeneous boundary condition g—fl(l) = 1.5.
The behavior of the system is similar to the case of Dirichlet boundary condition.

7. Discussion

In this paper we have presented a mathematical model of angiogenesis that is a
small variation of the continuous model proposed in Ref. 3. More precisely we have
considered the random motility, the decay of the TAF and the birth and death terms
associated with the endothelial cells. The problem is a system of three equations: two
parabolic equations with chemotactic terms to model endothelial cells and tumor
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angiogenesis factors coupled to an ordinary differential equation which describes
the evolution of the fibronectin concentration. The original problem has a large
number of parameters that have been reduced after renormalization. Additionally
in order to simplify the analysis we have assumed, for the analytical part of the
paper, that the diffusion coefficient in (1.1) is given by D = 1, the computations
and results can easily be adapted for the general case D > 0. The choice of D =1
was done exclusively for the sake of clarity.

In Sec. 3 we have proved that the solutions of the problem are global and
regular in dimension 2 independently of the value of the parameters. Moreover,
under additional hypothesis on the initial fibronectin concentration (H1) or (H2),
we prove that the endothelial cells expand throughout the domain and distributes
in an homogeneous way on the spatial domain. Additionally we have proved that
the TAF goes to zero and the fibronectin goes to the constant value 1 when the
time is large.

In Sec. 6 we have performed a series of numerical investigations in a one-
dimensional domain with the purpose of validate the analytical results of previ-
ous sections as well as explore numerically the behavior of the system for different
boundary conditions of the TAF at the tumor boundary. Numerical simulations
suggest that the results in Sec. 5 remain valid even when assumptions (H1) and
(H2) are not satisfied. We explore different boundary conditions for the TAF based
on the idea that TAF is continuously secreted at the boundary of the tumor. We
propose, as it is suggested in Ref. 18, that the boundary condition at the tumor
boundary for the TAF depends on the nutrients concentration at the tumor bound-
ary. More precisely, low nutrients imply high rate of production of TAF and the
other way round. Therefore, if we denote by r the amount of nutrients at z = 1 we
should have

% 1) = A(r),

on

where v is a decreasing function on r which is zero for » > r* > 0. Since the
nutrients are provided mainly by the blood vessels we could argue that an efficient
vasculature it is asymptotically equivalent to the Neumann boundary because the
nutrients available at the boundary will be over the threshold value r* whereas if
the blood vessels are not efficient we should have TAF produced continuously at the
tumor boundary. Therefore we may argue that non-homogeneous Neumann bound-
ary condition or Dirichlet boundary condition refers to the case of poor vasculature
and the Neumann boundary refers to the case of efficient vasculature. However, as
it is pointed out in Ref. 22 in tumor angiogenesis the pattern of blood vessels are
abnormal and there are deficiencies in oxygenation. As a consequence, it seems that
non-homogeneous Neumann boundary conditions or Dirichlet boundary conditions
at the tumor boundary are more realistic for the tumor angiogenesis. Nevertheless
we have explored the Neumann boundary condition for a deeper understanding of
the model proposed in Ref. 3.
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Numerical simulations show that in the case of non-homogeneous boundary
condition as well as Dirichlet boundary condition at the tumor boundary the motion
of the endothelial cells is faster than in the case of Neumann boundary condition.
Moreover, after some time the endothelial cells reach a non-homogeneous steady
state, i.e. the endothelial cells distribute in a non-homogeneous way in the domain.

Our estimates work only for one- and two-dimensional domains and clearly the
Sobolev embeddings used in Secs. 3 and 4 do not allow us to extend the results
to the three-dimensional case. We believe that the results should be also true for
three-dimensional domains (without any restriction on the parameters or the size
for the initial data) however the analytical proof will demand new ideas.
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