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Asymptotic behavior and global existence of solutions to a two-species chemotaxis
system with two chemicals

E. Cruz, M. Negreanu and J. I. Tello

Abstract. We study a nonlinear system of differential equations describing the evolution of a competitive two-species chemo-
taxis system with two chemicals in a bounded domain. The system consists of four PDEs, two equations of parabolic type
describing the evolution of the competitive species and two elliptic equations modeling the distribution of the chemicals.
By introducing global competitive/cooperative factors, we obtain, for different ranges of parameters, that any positive and
bounded solution converges to a spatially homogeneous state. The proofs rely on the comparison principle for spatially
homogeneous sub- and super-solutions. The existence and uniqueness of global classical solution are proved under assump-
tions on the initial data and appropriate conditions on the parameters of the system. Such solution stabilizes to spatially
homogeneous equilibria in the large time limit, given coexistence or extinction of solutions for a range of parameters.
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1. Introduction

One of the mathematically challenging problems in the population dynamics is finding conditions under
which all of the populations coexist. Since 1970s, chemotaxis has been studied from a mathematical
point of view, starting with the first models of PDEs which were suggested by Keller and Segel [10,11],
the mathematical bibliography is extensive, more details about obtained results in the area during the
last decades can be found in [1,6,7,12,14-16]. To model the movement of several species according to
the mechanism of chemotaxis, the classical Keller—Segel model was extended to some multi-species case.
We consider a system describing the evolution of two competitive species u; and us with chemotactic
movement. One of the first mathematical models in population dynamics is the well known Lotka—
Volterra system (see [13] and [27]), the system consists of two ordinary differential equations describing
the evolution of a predator u; and a prey us, of the form

Uit =g1(u1,u2), U2t 292(U17U2)-

If the species diffuse, the system describing their concentrations becomes a reaction diffusion system,
already considered by Turing [26] in 1952 for the linear case and widely studied after him. There also
exist common examples in nature, where the biological species detect the other species by the chemical
secreted by the second one, moving toward a higher concentration of the chemical (chemotaxis) or away
from it (chemorepulsion). Different types of situation may occur depending of the chemotactic coefficients
and the competitive terms given by g;.

In this article, two different aspects of the interaction are considered:

e The competition between the species is presented by the functions g;, for i = 1,2 whose expressions
are the following
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gi(ur,u2) = pur (1 — w1 — arug),

g2(u1, ug) = proua(l — agur — ug),

where the coefficients a; and p; (for i = 1,2) are positive given data, assumed constants.

e “The chemotactic movement” of the species is due to chemical substances secreted by the other
species. These type of interactions are determined by the sign of the chemotactic coefficients, which
can be positive or negative, moving toward higher or lower concentrations of the substance secreted
by the other species which is directly related to its density.

Considering the sign of the chemotactic coefficient, we have the following classification of the system:

1. x; =0, i = 1,2. The biological species do not interact via chemical substances.

2. xi #0,i=1,2.

(a) xi >0, i=1,2. Even there is competition between the biological species, they approach each
other moving toward a higher concentration of the chemical secreted by the other species.

(b) xi <0, =1,2. The species are mutually repelled, so both w;, i = 1,2 move toward the lower
concentration of the chemical secreted by the other species.

(¢) x1 >0, x2a <0orx; >0, x2 <O0. One of the species moves toward the higher concentra-
tion of the chemical secreted by the other species, while the second one moves to the lower
concentration of the chemical secreted by the other one.

3. x1 # 0, x2 = 0. The species us does not present chemotactic movement, while the movement of the
species u; is oriented by the chemical secreted by us. In this case, the system is reduced to a system
of three equation where two types of systems appear:

(a) x1 >0, x2 = 0. u; moves toward the higher concentration of the chemical secreted by us which
is directly related with the higher concentration of us.

(b) x1 <0, x2 = 0. u; moves toward low concentrations of the chemical secreted by us trying to
avoid the other species.

For the population densities u1, us and the concentrations of the chemoattractants vy, vs, the classical
models lead to

15

% =di1Auy — 1V - (w1 - Vor) + gi(ur,u2), z€Q, t>0,

ou

87; = doAug — x2V - (ug - Vua) + ga(u1,us2), x€Q, t>0, (1.1)
—Av; + oy = Prug, reN, t>0,

—Avy + agve = faus, xe, t>0,

where d; > 0 are the diffusion coeflicients, x; are the chemorepulsion coefficients, a; > 0, 5; > 0 for
i =1,2 and € is a bounded, open regular domain of R™, for n > 1 with regular boundary. We assume
Neumann boundary conditions

3U1 8uz 61}1 B’UQ

el Yre Yl YEe QO 1.2
ov ov ov ov 0, z€d® t>0, (1.2)
and bounded initial data
Ul(o,l‘) = u(l)(x)a UQ(OVI) = Ug(CC), S Q7 (13)
satisfying
0 24 dug : 0 0
u(x) € C*T(Q), ——=0 indQ, wu <u;(r) zecq, (1.4)

ov
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for some a > 0 and uY > 0 for i = 1,2,. Throughout the present article, we consider the system under
the restrictions

2|x1]B1 + prar < pe, (1.5)
2[x2|B2 + poaz < p1, (1.6)

for positive coefficients a;, for i = 1,2 and y; € R.

Assumptions (1.5) and (1.6) restrict the study to the case where the reaction terms are dominant in
comparison with the chemotactic terms.

The main results of the paper describing the global existence of solutions of (1.1)-(1.3) and its as-
ymptotic behavior are enclosed in the following theorem.

Theorem 1.1. Under assumptions (1.4)—(1.6), for any nonnegative initial data (u9,u9) as in (1.4), there
exists a unique solution to (1.1)—(1.3) satisfying

Ui, v; € CEIQ’H_%(QT), fori=1,2 and any T < oo;
moreover, the solution (uy,us,v1,ve) of (1.1) fulfills
tli>ngo ||ul - U:HL”(Q) + ||Uj - u:”LDO(Q) =0, 7’7] =12, i 7& j7

N .
where u; are given by

1.
uy =1 and us =0, (1.7)
if relations
a <1, 1
as >1 1
hold, and
2.
uj = % and uy = 11—_7a(1l(2127 (1.10)
if (1.8) holds and relation (1.9) is replaced by
as < 1. (1.11)

Theorem 1.1 describes the behavior of a competitive system with two biological species with chemotactic
movement. In the first case, the species u; persists and its density converges to an homogeneous spatial
distribution, while species us vanishes as t goes to infinity. In the second case, where a; < 1 and as < 1,
both species persist and the densities stabilize in some constant steady state given by (1.10).

In order to prove the asymptotic behavior of solutions, we introduce an auxiliary system of ODEs.
The proof is based on the comparison principle, in other words, we need a relation of order to bound
the solution of problem (1.1), (u1,u2,v1,v2), between the solutions of an ODE’s system. The moving
rectangles method is adapted to prove the convergence to a constant steady state for some range of
parameters and initial data. The auxiliary system of ODE is presented in Sect. 2, where the qualitative
properties of the system are studied. The comparison between the solutions of the ODEs system and the
solutions of the PDEs is presented in Sect. 3; finally, in the last section the previous results are applied
to prove the existence of global solutions and their asymptotic behavior.

Stability and asymptotic behavior of chemotactic systems with two biological species have been already
studied in Tello and Winkler [25], where the stability of homogeneous steady states is obtained for one
chemical (see also Stinner et al. [23] for the competitive exclusion case and Bai and Winkler [4] and
Blacket al. [3] for the fully parabolic system).
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In Zhang et al. [29], system (1.1) is studied under the assumption pipus > xi1x2 for x; > 0, for
aj,as € (0,1). The authors prove the global existence of solutions for any bounded and regular initial
data. If, in addition, x; < a;u; the convergence to the constant steady state

1—0,1 1—0,2 1—a2 1—a1
170,1(127170,1(12,170,10,2,170,10,2

is obtained.
Recently, Zhang [28] has studied the competitive case under assumptions

ay > 1> a9 >0,

for prpe > x1x2 and x1 < aypi, X2 < po. The author proves the global existence of solutions and
the convergence of (u1,us) to the homogeneous steady state (0,1). Notice that, assumptions (1.5), (1.6)
consider a different range of parameters than the studied in [29] and [28] where only positive parameters
Xi are considered. The problem remains open for large x; which is not considered in [28,29] neither in
this article. In particular if gy = go = 0, blow up occurs for a range of initial data as it is shown in Tao
and Winkler [24].

Recently, Zheng et al. [30] have studied the fully parabolic system for g1 = g2 = 0, i.e., the case, where
there is no competition between the species. The authors obtained the global existence of solutions and
the coexistence of the species for x; € (—1,1).

The fully parabolic system is also studied in Black [2], where the author considers the following three
situations:

1. weak competition case ag,a; € (0,1),
2. partially strong competition case as < 1 < aq,
3. fully strong competition case ag,a; > 1.

The author has obtained the global existence of solutions under assumption

7
§Xi'

Moreover, coexistence occurs for case 1 for a range of parameters and a constant steady state is asymp-
totically stable. While in case 2, extinction of one species occurs, and the semi-trivial solution is globally
asymptotically stable. In case 3, there exist two solutions which are locally asymptotically stable, the
first one are given by u; = 0 and vy = 0 and us and v; given by positive constants. The second solution
is the symmetric case, i.e., up = 0 and v; = 0, for u; > 0 and vy > 0.

i >

2. Associated ODE system and qualitative properties

In this section, we study an auxiliary system of ordinary differential equations related to the original
nonlinear system (1.1) to obtain the asymptotic behavior of its solutions.
Developing the second-order terms in (1.1), we get

ou
87; =d1Auy — x1Vuy - Vug + x1ug (Brus — agvr) + g1,
(2.1)
ou
87152 = daAuy — x2Vug - Vo + xousg (four — apv2) + go.

Let us consider (T, uy, e, uq) = (w1 (t), uy(t), u2(t), us(t)) the solution of the initial value problem

uy = |x1]61U1 (T — uy) + piur (1 — w1 — ajusy),

uy = [xalBrug (ug — U2) + pauy (1 — uy — arta), (2.2)
Uy = |Xa|Boliz (U1 — uy) + p2tiz(1 — aguy — Us), '
uh = |x2|Bats(uy — Ur) + prous (1 — agtiy — uy),
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for ¢t € (0, 00), with initial data

ﬂl(o) = H% ﬂl(o) = @(l)ﬂ 62(0) = E(2)7 H2(O) = @(2)7 (2'3)
satisfying
0<u) <@ and 0<ud <. (2.4)

Notice that, standard ODE theory gives the local existence of solutions of systems (2.2)—(2.3).

Throughout this section, we prove that the two pairs of solutions of the ODE’s system (2.2), i.e.,
(u1,uy) and (Tz,u,) have the same constant limit u and uj, respectively, and, hence, also any function
between them. Recall that we are working under hypothesis (1.5)—(1.6), i.e.,

2|x1]|61 + a1 < p2 and 2|x2|B2 + poaz < p1.

The stationary states of (2.2) satisfying u, = 1, uy = s, are the trivial steady state

(0,0,0,0),
the semi-trivial steady states
and
(1,1,0,0) (2.6)

and a fourth steady state given by
(1(11 170,1 170,2 1&2) (27)

1—(11612’1—(11@2’ 1—a1a2’ 1—a1a2

Now, we study the properties of the solutions of the above system, i.e., we find a relationship between
solutions (%, u;, s, uy) when the initial data (ul,u),ud,ud) satisfies (2.4), i.e., the initial ordering is
inherited by the solution. Furthermore, we prove that (U, u;, T2, u,) are actually global in time and
bounded. The constant steady states can be both positive or one positive and one negative.

2.1. Casea; < land az > 1

In this section, we focus on the case of competitive exclusion of species, i.e.,
a; <1 as > 1.

Notice that under assumptions (1.8)—(1.9), the fourth steady state has two positive coordinates and
two negative, since the solution remains nonnegative, provided the boundedness an convergence of the
solutions, at least two solutions tend to zero despite of the initial data.

We denote the u} and u} the semi-trivial steady state given by (1.7), i.e.,

ul =1, us = 0.

We proceed to prove the asymptotic behavior of the solutions; the result is enclosed in the following
theorem.

Theorem 2.1. Let (Uy,u,,Usz,uy) be the solutions of system (2.2) and (ui,ul) given by (1.7). Under
assumptions (1.5)~(1.6) and (1.8)~(1.9) the below limits hold

W) —ui wt) —u - oo
Ug(t) — uy  uy(t) —uy t— oo.

In order to demonstrate Theorem 2.1, we prove that (@, u,, s, u,) are actually global in time and
bounded.
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Lemma 2.1. The solution of system (2.2), with initial data (2.3) verifying (2.4), satisfies
0<u <y (2.8)
0 <wuy < g (2.9)
fort € (0,00).

Proof. We first see that u;, > 0, for i = 1,2. We can write the corresponding equations of u; from system
(2.2) as u; = w; fi(u1,uy, 2, uy), fi being smooth functions. One check easily that u; = 0 is a solution
of the previous equation. By existence and uniqueness of the solution and taking into account that the
initial data are positive uf > 0 it follows that w;(t) > 0 for all ¢ > 0.

We prove u; < u; arguing by contradiction. Suppose (2.8) and (2.9) are false, i.e., there exists ¢y in
(0, Tinax) such that u, () < @y (t) and uy(t) < u2(t) for all ¢ € (0,%y) and one of the following cases occurs

u;(to) =i (to) us(to) < ua(to), (2.10)
uy (o) <ui(to) uy(to) = Ua(to), (2.11)
uy (to) =1(to) us(to) = Ua(to). (2.12)

If case (2.10) occurs, we divide the first and second equations in (2.2) by @; and u,, respectively, and
subtracting them we get

ol - _
L — =L = (2palBr + paar) Uz — uy) — pa (U1 — uy).
U1 Uy

By continuity of the functions involved in the previous equation and by (2.10), we can find € such that
w1 —uy < eand (2|x1|01 + prar)(@e — uy) > pie, for a certain § small enough, so, these inequalities hold
in the interval (tg — d,%). Then, in (to — d,%9) we have

ﬂ/ /
DS
uy Uy
and integrating over (ty — d,tp) we obtain
11’1@1 (t()) - lngl (to) > O,

which contradicts (2.10). Case (2.11) is similar to the previous case; therefore, we omit the details.
To prove case (2.12), we introduce the functions f and g defined by

f = ﬂ1 - @1;
g = Uz — Usy.
We have the following differential equation for f

= xalb(@e — uy) (W +uwy) + pa (@ —uy) — Ml(ﬂf —ﬁ) — prar (Uruy — ugUs),

which can be rewritten as
fl = hl (E],Q17ﬂ2,@2) f + h2 (E13Q17ﬂ27g2)g'
for
_ _ _ 1 _

hy (W1, uy, Uo, uy) = p1 — pn (Ur +uy) — §u1a1(u2 + uy)

and
1
ho (W1, uy, U2, uy) = |x1]51 (U1 + uy) + §u1a1(ﬂ1 +uy).
Proceeding the same way on g, we get

g/ = hs (ﬂlaﬁlaﬂ2722) f+ha (ﬂlaﬁlvﬂ2722)ga
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for
ha (W1, uy, U2, Uy) = |x2|B2(U2 + uy) + %uzaz(ﬂz +uy),
and
ha (U1, 0y, Uz, ug) i= pio — p2(Ta + uy) — %Nzaz(ﬂl +uy).

We turn our attention to the system
f'=hi-f+ha-g,
g =hs f+hsg,
f(to) =0 g(to) =0,
where it can be easily checked that (f,g) = (0, 0) is a solution of the system and by uniqueness of solution

together with the initial data, we conclude that f =0, ¢ = 0 in the interval [0, (), which contradicts the
definition of ¢y and ends the proof. O

Lemma 2.2. Let (1.5), (1.6) hold. Then, the solution of the system (2.2) satisfies
u (1) <1, wuy(t) <1 for te(0,00), (2.13)
provided
u(0) <1, wy(0) < 1.

Proof. Dividing the second equation in (2.2) by u,, we see that
u/
=L < — . (2.14)
Uy
So w4 (t) is a subsolution of the ODE v} = u1(y1 — y?) which can be solved easily and the solution is
1
. 2.15
n et 41 ( )
for ¢; := u; ' (0) — 1. Thus u, satisfies
1

Uy >
In the same way, we prove
uy(t) < ya(t) <1,
and the proof ends. O

Lemma 2.3. Under assumptions (1.5)—(1.6) there exists a positive constant C' > 0 such that the solution
(T1,d2) of (2.2) satisfies

Uiy < C for te (0,00).

Proof. Let ¢(t) be the function defined as ¢(t) = In@y(t) + Inuz(t). Dividing the first equation in (2.2)
by w; and the third one by us, after adding up, we have

uy, u _ _

¢ = =t 4 =2 < g+ o+ (Ixal B2 — p)T + (D |Br — p2)in.
1 2

Denoting ¢1 = py + po > 0, co = min {1 — |x2|B2, 2 — |x1]51} > 0, in the above inequality, we claim

¢'(t) < 1 — co(Ur + Ua). (2.17)
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By mean of the inequality u, + U > 2v/U Uy = 2€%¢, we get that ¢ verifies the inequality
¢(t) < 1 — c22e3?. (2.18)
Thus, ¢ is a sub-solution of the equation
2 = ¢ — 92077, (2.19)
with initial 2(0) := In@ + Inw@y. This equation has as stationary state 21n 74,80 2 < max 2% 21n 7=
Because of ¢(t) < z(t) for all t > 0, we found an upper bound for In%; +Inu, and we conclude that there
exists a positive constant C' > 0 such that w1y < C. O
Lemma 2.4. Under hypothesis (1.5)—(1.6), there exists a positive constant K > 0, such that the solution
(u1,us) of (2.2) satisfies fort € (0,00)
W <K, T<K.
Proof. Taking the first equation of system (2.2) and by Lemma 2.3
ay =[x |1 (T2 — up) + 1 — iy — praruy]
= [xal Btz — |[x1|Bitiuy + prTr — pa T — prailiuy
< xalBritz + pain — s
< |x1|B1C + iy — pa U3,
By comparison, the previous inequality proves

1+ /13 + 4x1181Cm
211 '

U S max {UO,

In an analogous way, we find a positive constant Ks such that Ty < Ky. Taking now K = max{K;, K>}
the proof of Lemma 2.4 is complete. O

The following lemma will be used to prove that the super- and sub- solutions s and u, are comparable
in both directions:

Lemma 2.5. Let (1.5)—(1.6) hold. Then, there exists a positive constant M > 0 such that

Us S MQQ.

Proof. From equations (2.2):

i !

i — / — -
u U u u d Uy Uz
fl—*l'i‘fQ—*Q:* In—+1In—
uoouy Uz Uy At oy Us

= A (U —uy) + Azt — uy),
where we denote by Ay := 2|x2|02 + poas — p1 and As := 2|x1|61 + p1a; — po. By hypothesis (1.5), A;
are negative for i = 1,2, i.e., A1 <0, and Ay < 0. Taking ¢ = min{—A;, — Ay}, we have
d U1 U2 _ _
T (ln g—l +1In Ug) < —ef(u — uy) + (U2 —uy)] < 0. (2.20)
Integrating this expression:

(lnu1 + In u2> < ¢p,
uy Uy
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for some positive constant ¢g > 0. Then, by the positivity of In(u /u;), because wy > wy, it follows

U
In 2 <o = Uz < Mu,,
Uy

with M = e®. O

Lemma 2.6. Under assumptions (1.5) and (1.6), we have
w;(t) —u;(t) =0 as t— oo, and /(ﬂl(t) —u,(t)dt < C.
0

Proof. We define the function
k(t) :=u —uy.
Notice that, by Lemma 2.1 we have that £ > 0 for any ¢ > 0. Thanks to Lemma 2.4, we have that
K| = @) —uy| < ki < o0 (2.21)

where k; is independent of ¢.
Integrating in (2.20) over (0,7, we get
—|—lnu2( ;—l— /(ul—u1 dt+6/u2—u2 lnu1(0)+lnu2(0)
] u

0

and therefore, by Lemma 2.1 we have

T
/ul—ul )dt < fln w(0) +llnu2(0).
0

€ u(0) e uy(0)

We take limits when 17" — oo to obtain

oo o0

/k(t)dt = /(ﬂl —uy)dt < ko < 0. (2.22)
0 0

Relations (2.21)—(2.22) and Lemma 5.1 in Friedman—Tello [5] end the proof for i = 1.

The case ¢ = 2 is proven in the same fashion. 0

Lemma 2.7. Let us consider that (1.5) and (1.6) are verified. For every positive coefficients a1, as verifying
(1.8) and (1.9), the following statement holds

t t
lngg—&-uz(ag—1)/61+u2(1—a1)/g2 <, (2.23)
0 0
where C' is independent of t.

Proof. Dividing the first and last equations in (2.2) by u; and u,, respectively, multiplying the obtained
equations by po and puq, respectively, and resting them, we see that

d d
dt Inuy, — /141&1HQQ = Ay (U —uy) + Az(tp — uy)

Fprpe [(az — 1)y + (1 — ar)uy],
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where Ay = py|xz|f2 > 0 and Ay = us|x1|f1 > 0; after integration, and thanks to Lemma 2.6 we have

t t

w1 Inwg + g po(as — 1) /ﬁl + prpa(l —aq) /gg < K+ psInwy. (2.24)
0 0
Since Inw; < C, by Lemma 2.4 we conclude the result. O

Lemma 2.8. We have

¢
max{ 1, po} / (U1 + uy) > pat + Cy, (2.25)
0

where C is a constant independent of t.

Proof. From equation (2.2), we have

d . _ _ _
I In@y = [x1|61 (T2 — uy) + p1 — 11 — p1a1Usy. (2.26)

After integration in (2.26) and thanks to Lemmas 2.4 and 2.2, we conclude

t
maX{Ml,Mz}/(ﬂl +uy) > pat + C.
0

O

Lemma 2.9. Let (1.5) and (1.6) hold. For every positive coefficients ay, ag verifying relations (1.8) and
(1.9), we have

cat

Uy < cre

which implies

uy, — 0, as t— o0. (2.27)

Proof. The proof is a combination of previous lemmas, i.e., by relations (2.23) and (2.25) we get
t t
Kt + Ko S/ﬂ1+/ﬂg §K37K4ln@2 (228)
0 0

with K; independent of ¢, Ky and K, positive. Thus, u, satisfies
In Uoy S ]{31 — th

which implies

Cgt-

Uy < cre”

Taking limits when ¢ — oo, the proof ends. U

Lemma 2.10. The following statement is true for Uy and uy solutions of (2.2) if (1.5) and (1.6) hold

liminf @, (¢) > uj.
t—o0
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Proof. Thanks to the previous Lemma, we have that for any € > 0 there exists T, < oo such that
Uy (t) < €, Vt > T, and we have in the first equation in (2.2), the first term on the right side is positive
due to uz > uy, that is

— —2 — —
Uy > —p1uy + g1ty — 161 €u7.

Thus, u; is a super solution of the ordinary differential equation
y' = —my’ + (- are)y,
whose solution is
1 1 1

€ t) = ’ f kf == -
Y ( ) 1 + kee—p,l(lfale)t or Ul(Te) 1-— aile

(2.29)

T—are
such that
ye(t) <uy(t) for te (Te,00).
Back to the solution w;, we conclude

liminfw, > lim ye =1 — aq€
t—o00 t—o0

We take limits when ¢ — 0 to end the proof. O
End of the proof of Theorem 2.1. Thanks to Lemmas 2.1 and 2.5, we conclude

lim uwy = lim uy = 0.
t—oo t—oo

As a consequence of Lemmas 2.2 and 2.10, we have

liminfu; <wuj <limsupu;.
t—o00

t—o0

Moreover, by Lemma 2.6, we conclude the proof of Theorem 2.1. O

2.2. Casea; < land az < 1

In this section, we consider the following assumption
as < 1,

instead of (1.9). We prove that there exists a unique globally stable steady with positive coordinates
which corresponds to the coexistence of the species. The following theorem gives a precise description of
the asymptotic behavior of the solutions of system (2.2).

Theorem 2.2. Let (U, uy,Ua, usy) be the solutions of system (2.2) and (uj,u3) given by (2.7), i.e.,

1—a; 1—as

* *
U =——— and Uy =

1 — a1a2 1 —agal'

Under assumptions (1.5)-(1.6), (1.8) and (1.11) the below limits hold
u(t) — ui,  u(t) —ul, w(t) —uy, uy(t) —uy as t— oo.
The importance of this result lies in obtaining (u; — u;) — 0 when ¢ — oo, @ = 1,2, which implies

that any other function bounded between them will inherit their asymptotic behavior. To demonstrate
the theorem, we consider the following steps.

Step 1.
0 <y <wuy, 0 <wuy < usg.
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Step 2.

* —x — * —x —
uy <wyp =71y < Uy, Uy < Uy =Ty < Uy,

for all t € (0, 00).
Step 3. There exists a positive constant C' such that the super-solutions u; and s of (2.2) satisfy

ity < C  for te€(0,00).

Step 4. There exist positive constants K; > 0, i = 1,2 such that the super-solutions @; and uy of (2.2)
satisfy, for ¢ € (0, 00),
u < Ky and us < Ko.
Step 5. (w; —u;) — 0 when t — o0, i = 1,2,
The proofs of Step 1, Step 3, Step 4 and Step 5 are obtained in the same way as the previous case, so

we omit the details. To obtain Step 5, we proceed as in Lemma 1.4 in Tello and Winkler [25]. Finally,
Theorem 2.2 is a direct consequence of these properties of the solutions. O

3. Comparison principle and asymptotic behavior of solutions

The aim of this section is to relate the solutions of the system of PDE’s (1.1)—(1.3) with the solutions of
the ODE’s system (2.2) that we have studied in the previous section. Under some order relation between
initial conditions of both PDE’s and ODE’s systems, we prove that such order is preserved. Recall that
the functions (uq, Uy, us, Us) converge to (uf,uf,ud,ud) as t — oo, where (uj,uy, ul,ul) are the constant
steady states defined in (2.5) and (2.7), respectively, under different restrictions on the coefficients aq
and az. We bound the solution of (1.1) between u; , (lower bound) and 7, » (upper bound) to obtain the
same qualitative behavior than Uy o and ©y 2. The proof follows the rectangle method used in Pao [21] for
reaction diffusion systems, see also Negreanu and Tello [18,19] and [20] where the method is applied to
parabolic—elliptic systems with chemotactic terms.
Thanks to assumption (1.4), we have positive numbers (v, !, u,%9) such that

0<uf <ulf(z) <@l (3.1)
0 <ud <ud(z) <y (3.2)
for all x € Q.
In order to prove our main theorem we define the functions
Ui(x,t) == u;(t, x) —u;(t) U, (z,t) == u(t,x) — u,(t), (3.3)
Vi(x,t) == v;(t,x) —u;(t) Vi(z,t) = vi(t,z) — u;(t), (3.4)

for i,j = 1,2, i # j where (u1,us,v1,v2) and (uq, U1, uq, Uz) are the solutions of (1.1)—(1.3) and (2.2),
respectively, and we use from now on the usual notation for the positive and negative part of a function
f given by

()s = {f 720, ()= (—f)s.

0 in other case,

We aim to prove that the positive and negative parts (U;),(U,)_ are identically zero, and therefore,
the solutions inherit the order w; < u; < @;.

Theorem 3.1. Let (u?,ud) € (L>=(Q))?. The solution of (1.1)~(1.3) with initial data verifying (3.1)~(3.2)
is bounded and satisfies
uy(t) Swi(t,z) Su(t), w(t) <walt,x
uy(t) < ug(t,x) <

ui(t), (z,t) € Qx(0,00),
EQ(t)a (xvt) € x (0,00)
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where (u;, ;) is the solution of the ODE system (2.2).

To prove Theorem 3.1, we recall the following result, since the proof is similar to Lemma 3.2 in [17],
we omit the details.

Lemma 3.1. Let Q € R™ be a bounded and open domain in R", p € N, p € (max[2, 1], 00) and v; be the

solution of

27

— Av; + oyv; = Biuy, T €Q,
8%
on
foru; € LP(Q), 1,7 = 1,2 and i # j. Then, for any q < oo, the following inequalities hold:

1(V3) (llzaey < C(2,p, q)H(Qj)Jr”LP(Q)'

=0, x € 0,

and
(V) _Nzay < Cp, )1 (Us) _lle),
fori,j=1,2,i#j and V,;, U, defined in (3.3).

First, we consider T}, defined as the first t > 0 such that
lim sup (HUZ'HLOO(Q) + |lvill e () —|—t) = 00.

t—Tmax

Then, for any T < Tiax we have that the functions (uq,usg,v1,vs) are continuous and differentiable in
Q2 x (0,T) we can find ¢1(T) > 0 such that

ul(:r,t) § Cl(T), UQ(JZ, )
vy (z,t) < 1 (T), va(,t)

a(T )

Lemma 3.2. Let (U2, u,) be the solution of the ODE system (2.2). The solutions of (1.1) satisfy:

<
<

/(awl Britiz) < / (Us)2, (3.6)
Q Q
Q/(alful — Brus)t Q/ (3.7)

Proof. Taking the third equation of (1.1) and subtracting on both sides @y, we obtain
—Avy 4+ ayvy — fiiy = $1Us.

If we multiply now by (ajv1 — S12)+ and integrate over €, thanks to Young inequality we get

1 1 1
o / V(eqvr — Bitia) 4+ |* + 3 /(061111 Bitin)? /(U2)+7
1
Q Q Q
which proves (3.6). Since the proof of (3.7) is analogous, we omit the details. O

Proof of Theorem 3.1. We consider 0 < T < oo. First we deduce the equation that satisfies U; subtracting
the first equations in (1.1) and (2.2), respectively,

% — dlAUl + X1VU1V’U1

< B (xawrug — |xa |t ts + x| us)

—prar (urug — Uruy) — x1oqurvr + glur) — g(ur),
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where g(uy) := piug (1 — uq). We have
Upug — Uy = (ug — Uz )ug + (uz — )y = Uqus + Uyl;.

Rewriting some of the above terms in order to simplify, considering two cases, y1 positive and negative,
we get:

e Case y; > 0. In (3.8), |x1]| = x1 and
Br (x1uruz — [x1[t1 Tz + |x1|t1uy) — X100U101
= x101 (u1ug — Ut + Uruy) — x1Q1U1V]
= X101 (urug — Wil + U Uy — Ty Uz + Trta) — X101 UL VY (3.9)
= X161 [(ur — W1 )ug + (ug — U2)Uy + Uruy] — 1001101
= x1/1U1u2 + X100 + x151Tuy — x1o0 (Urv1 + Tyo1) -
Thus, the equation that U; verifies
oU,

T diAU — x1VU1Vor + U [(x161 — p1ar)us — x1aqv1]

+x16102u1 — prarUstn + X101 (Bruy — aqv1) + g(ur) — g(wr).

We multiply now the previous equation by the test function (Uy)4, observing that

D00 = O 2ThOn)ys = 3 SO

20
/AU1 (U1) 4 /|v (U1) 4|2

We apply the mean value theorem to g for some
&i(x,t) € (ur(z,t),ur(t)) U (ur(t), ur(x,t)),
ie., g(uy) — g(u1 g'(&1)U1, integrating by parts over €2, the equation for U; becomes

550 /U1 +d1/|VU1 )+ |?

=-X1 /(U1)+VU1VU1 +S£ (U1)34 (&)

Q

(1)
/(Ul) (Xlﬂl Mlal)uz - Xlalvl)Jerﬂl /(Ul)-s-UQEl (3'10)
Q Q

(2) (3)
—p1aq /(Ul)-s-Qgﬂl +/(U1)+51(X151ﬂ2 — X1Q101) -
Q Q
(4) (5)

1. Using integration by parts and the third equation in (1.1), the first term in (3.10) remains

X1 /(U1)+VU1VU1 = % /(Ul)i(alvl — Brua).
Q

Q
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By relation (3.5) it follows that |S1us — ajv1| < (81 + a1)er (T) in Q x (0,7T) and therefore we
can bound the first one

o [ @579 < Eee [a.

2
Q

2. For the second integral in (3.10), by (3.5), we have

|(x161 — prar)ur — xioqv1] < (xa (B + a1) + prar)er ()

and we obtain

/(Ul)i((Xlﬂl — pray)ug — x1oqv1) < ¢ (7T) /(Ul)i

Q Q

3. For the third integral in (3.10), we use Lemma 2.4 together with Young inequality and we have

x161 [ (U)4+Uzur < xaBr [ (U1)+(U2)4+w
Ly

Q
_ 1 _ _
<Cxif [(U)4+U2)4 < =Cxabi | [ (U + [ (U2)%
/ oo | [t

4. We repeat the same strategy for the fourth term in (3.10), i.e., applying Lemma 2.4 together
with Young inequality, for all ¢ € (0,7T) it results

—pay /(U1)+Q2ﬂ1 < pay /(U1)+(Q2)—ﬂl
Q

)
< ulalC/(Ul)+(Q2)—
Q

< %Mlalc /(Ul)i "’/(Q?)z—

Q Q

5. For the fifth and last integral in (3.10), we use (3.5) and the bounds obtained in Lemma 3.2,
so we find

/(Ul)Jﬂl(Xlﬁlug — X10101)
)

< -Cx1 /(Ul)Jr(OZlUl - ﬁIHQ)

<Cxa /(U1)+(a101 = brus) -

IN

1 _
§CX1 /(U1)i + /(Xlﬁ&g —xioqv1)3
Q Q

IN

00 | [+ [wr|.  teom.

Q Q
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e Case x1 < 0. Subtracting the first equations in (1.1) and (2.2), respectively, we get

oU,

T di AU, — x1VU1Vur + x181 (uius + Tt — Uru,)

(3.11)

—pra1(urue — Tly) — X101 v + g(ur) — g(ar),

where g(u1) : g1 = ui(1 —uy). All terms in (3.11) are treated in the same way as in the previous
section, i.e., (3.8), except the term corresponding to (3.9), which now is as follows:

X151 (Wit + Tl — Trly) — X101 U1 V1

since
X1B1urug — X161T1Uy = X151 [(u1 — Wi )ug + Wi (uz — uy)]
and
X161U1Ug — X101U1v1 = —X101 |:(U1 — Uy )vy + 1y <U1 - giuz)] .
Therefore,

X151 (Wit + Uil — T1ly) — X101 U1 V1

= x151 (w1 — T)ug + U1 (w2 — uy)]

—X101 |:(U1 — 1)1 + U (Ul & Uz)} .
(€51
Multiplying by (U;). and integrating over € it results

{Xlﬂl [U1uz + @ Us,)] = x1ca [Uﬂh + <v1 = fé“@)” (U1)+

1

<

ZO\ D\

CITIE + (W) @)1 = LT+ (0~ 2o ) (O]
+

<c|f

Q

U1)3 + Q/(U2)2_ +/ <v1 - iu2>j

Q

<C /Ul)h/@z)% ,

Q Q

in view of Lemma 3.2. As in the case x; > 0, we obtain similar upper bounds for the enumerate
integrals for the commune terms (independent terms of x;) in (3.8) and (3.11). After routinary
computations, we get the same result if y; is negative.

With all the previous calculus, we reach
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for all t € (0,T), with k1 (T) being a positive constant. In the same way, we obtain

%%/(QI)Q_ < ko(T) /(Q1)2;+/@)2‘++/(Q2)3 ,
Q

Q Q Q
%%/(Uz)i < ks(T) /(Uz)i+/<ﬁl)i+/(ﬂl)3 ;
Q Q Q Q
s fworkn | fwor + [@n+ [w)?
o Q Q @

We add the previous inequalities to get

d

gl @@+ @i+ wr
Q

< I(T) / T2+ (U)2 + (T2 + (U2 |
Q

Page 17 of 20

107

with k(T) = max{k;(T) : i = 1...4}. Applying Gronwall’s lemma and recalling hypothesis (3.1)—(3.2), we

have (UQ)+ = (UY)_ =0,i=1,2 and conclude

K2

J(@2 @ + @+ @) =0, vie @),
Q
so, Uj 1 = U, =0, for i =1,2. Hence we have

up(t) Swurlt,z) Su(t),  us(t) < ue(t,z) <ua(t),
By Lemma 3.1, we also obtain V; ; = V, =0, fori=1,2 and therefore

Ql(t) < Ug(t,ﬂ?) < ﬂ1(75)3 HQ(t) < Ul(t,l’) < HQ(t)v

(z,t) € Q x (0,T).

(z,t) € @ x (0,T).

As T < Thax is arbitrary, we take limits as T' — Tax and conclude that Ti,,x = 0o and the proof of the

Theorem 3.1 ends.

4. Existence of the solution and asymptotic behavior

We first consider the local existence of solutions. The result is enclosed in the following lemma.

O

Lemma 4.1. Under assumptions (1.5)—~(1.6), there exists a unique solution (uy,us,v1,v2) to (1.1)—(1.3)

in (0, Tmax) satisfying

Wi, v; € C’j;a’lJr%(QT), fori=1,2 and any T < Tyax

where Thax 15 a positive number satisfying

limsup (||lu;(t)[| o) + [[v; ()| Lo (o) + t) = o0, i,j=1,2.

—1Imax

Moreover, fori=1,2,

wi(t,x) >0, wvi(z,t) >0, x€Q, t<Thax-
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Proof. The proof follows standard fixed point theory, see for instance Horstmann [8], Horstmann and
Winkler [9], or Negreanu and Tello [20]. To obtain the regularity, we consider any T < Tyax, then u;
satisfies
uip — Aug + b (¢, x) - Vu; +uiei(x,t) =0, (t,z) € Qp,
where
bi(z,t) = xiVui, ¢i(z,t) = xi(Biu; — av;), Qp = (0,T) x Q
for i,j = 1,2 and i # j. Since u; € L*>(Q7) we have that v; € L*(0,T : W*9(Q)) N L>=(Qr) for any
$,q < oo and therefore
bi(x,t) € L*(0,T : WH(Q)),  ci(x,t) € L=(Qn).

Then, thanks to Remark 48.3 (ii) in Quittner—Souplet [22] and following the notation there we have
u; € W2L4(Qqp) for any ¢ < oo which implies that that u; € C;IQ’B(QT) for any «, 8 € (0,1). Therefore
we have that

u — Au; € Ci’tﬁ(QT) for any «, 8 € (0,1)

and we deduce the wished result (see for instance Remark 48.3 (ii) in [22]).
Uniqueness of solutions is obtained by contradiction, following standard arguments. The nonnegativity
of u; is a consequence of the maximum principle. O

Lemma 4.2. Let v; be the unique solution of

—Av; + av; = Biu;

%hm =0
fori=1,2, j=1,2,1# j. Then, it results
(% > 0 (41)
and
Bi
[vill oo () < ;i\|uj\\Lm(Q)- (42)

Proof. The proof of (4.1) is a consequence of Lemma 4.1 and Maximum Principle. To obtain (4.2), we
apply again Maximum Principle. O

End of the proof of Theorem 1.1. The global existence of solutions is given by Lemma 4.1, Theorem 3.1
and Lemmas 2.1 and 2.4.

The proof of the asymptotic behavior of the solutions is a consequence of Theorem 3.1, Lemma 4.1
and Theorem 2.1 or Theorem 2.2 for case as > 1 and case ay < 1, respectively. 0
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