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ABSTRACT. In this paper we consider a general system of reaction-diffusion
equations and introduce a comparison method to obtain qualitative properties
of its solutions. The comparison method is applied to study the stability of
homogeneous steady states and the asymptotic behavior of the solutions of
different systems with a chemotactic term. The theoretical results obtained
are slightly modified to be applied to the problems where the systems are
coupled in the differentiated terms and / or contain nonlocal terms. We obtain
results concerning the global stability of the steady states by comparison with
solutions of Ordinary Differential Equations.

1. Introduction. In this paper we apply a comparison method to parabolic sys-
tems in order to study the stability of homogeneous steady states and the asymptotic
behavior of the solutions of different problems. Comparison methods based on upper
and lower solutions have been applied to a large number of reaction-diffusion sys-
tems as the extensive literature shows (see for instance [10] and reference therein).
Comparison method based on ODE's systems have already used in the last decades,
see for instance [7], [15] and [8] for chemotactic systems of two PDE’s and extended
to parabolic-parabolic-elliptic chemotactic systems in [16], [9] and [14]. We study
a reaction-diffusion parabolic system “weakly coupled” (i.e. the system is coupled
only in the terms which are not differentiated) in a bounded domain Q C IR"™ with
regular boundary 9§2. We denote by Qr the set defined by (z,t) € Q x (0,T) and
consider the problem

Ut — E(U) = g(u)7 (l‘,t) € QTa
Bu =0, (z,t) € 092 x (0,T), (1)
U = U, x €9,
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with v = (u1,...,um), £ := (L1,...,Ly). L; is a second-order linear elliptic
differential operator of the form

~ 0 9 i 9 ;
Li(u;) == Z ajjajk(m,t)a—xkui - ij(x,t)ajjui —c(z, t)uy,

k=1 j=1
with measurable coefficients a;-k, bt = (b, ..., b)) and ¢!, satisfying the ellipticity

condition

n
aé-k(x,t)gjfk > AJ¢)? for some A > 0 and £ € R", (2)
k=1
and

aék € C(Qr); \a§k|, \b§-|, '] < Ay for some A > 0. (3)

The second equation in (1) gives the boundary conditions where the operator B =
(By,...,B,) is defined by

Bi(u) := (A'Vu;) -v  where A':= (a?k(m7t))j’k:1,,,n
and v is the exterior unit normal on 9. We assume that
g is Loc. Lipschitz continuous in uw and Hoélder continuous in « and ¢.  (4)

and the initial data

ug € (W*P(Q)™  for p>n (5)
satisfies the boundary condition.
If there exist functions @ := (@1, ..., Un) and w := (uq,...,u,,) such that

T,u € [LP(0,T : W2P(Q) nWHP(0,T : LP(Q))]™
for some p > n, satisfying the following system of 2m— parabolic inequalities
i — Li(U;) > maximum gi(u), (z,t) € Qr,

ot ngujgﬂj for j # 1
U; = U;

B;u; >0 (l‘,t) € 00 x (O,T)7

0 L

R _£ ) < minimuin . , ’t EQ ,

at@z Z(Qz)— ngujﬁﬂj for j # i gl(u) (.’IJ ) T
Ui = U,

Biu; <0, (x,t) € 02 x (0,T),

ui(x,0) < ui(x,0) < u(z,0), €,
then, there exists at least one solution to the problem, satisfying
w; < up <, for i=1,...,m.
A similar comparison method for regular coefficients can be found in [10]. For
cooperative systems, i.e., under assumptions
9gi

8uj

>0 for i#j7,

the solutions have also the property of order preserving, i.e., if

u;(0,2) <wv;(0,z) for x€Q,
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then
wi(t, ) < wv;(t,x)

for the maximal interval of existence, see for instance [11]. The order preserving
property is not satisfied for general nonlinear systems of parabolic equations.

In this work we apply a comparison method to two different systems of partial
differential equations arising from biological processes. The results in the literature
can not be applied directly to the problems since the equations are coupled in the
differentiated terms or contain nonlocal expressions.

e The first problem we study is the asymptotic stability of homogeneous steady
state of a two competitive populations of biological species, both of which
are attracted chemotactically by the same signaling substance. The chemical
is introduced by a forcing term f and it is decoupled from the two previous
equations.

ur + A1(u) = —x1V - (uVw) + pu(l — u — aqv), z €N, t>0,
ve + Aa(v) = —x2V - (vVVw) + pav(l — agu — v), xe, t>0, (7)
—Aw + w = f(x,t), e, t>0,

where p; and s represent the growth rates of species u and v; the terms
—pu? and —pqv? represent the inhibition effects that w and v have on the
growth of u and v, respectively; the term —puqa;uv measures the influence of
v on the growth of u; and —psasvu the inhibiting effect of u on the growth of
v. In (7) A; (for i = 1,2) are second order differential operator of Leray-Lions

type (see [6]) defined by

0 ou ou
Aju = — Z a—xjajk(amu,Vu)% Agv = Z - (x,v, Vv)axk
J,k=1 J.k= 1
satisfying
H1. Ay : Vi — V{ and Ay : Vo — Vj are continuous for V; := W1P(Q) and
Vo = Wha(Q).

H2. There exists C' > 0 such that [[Ajully; < Cllully, and [|A2v|lv; < Clvlv,
foru e Vi, v e Vs,

H3. A; (for ¢ = 1,2) are strongly monotone in the following interpolation
sense: there exist 6; € (0,1] and ¢ > 0 such that for all ¢1,¢2 € V; we
have

cllor — dollv, << Aipr — Aiga, o1 — ¢ > (|| o1 llvi + [|d2llvi) %

H4. < Az¢1 — Ai¢2;¢1 — ¢2 >> 0 for all ¢1,02 €V (Z = 1,2)
Notice that A1 = A, and Ay = A, satisty (H1)-(H4).

We consider the following boundary conditions in a bounded and regular
domain Q C IR", for n > 1

Zaﬂka Za Z - xed, t>0 (8

J,k=1

and initial data

u(z,0) = up(z), v(z,0)=wvo(z), z €N (9)
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satisfying (8). We also assume that f € sz’,tlJrB (Q x [0,T]), f is uniformly
bounded and satisfies

1
||f77/f||Loc(Q)4>07 as t — oo. (10)
€2 Jo

The problem (7) is considered as a first step to study the control problem, i.e.
to find f in a suitable space such that the solutions have a desired behavior.
The system with constant diffusion coefficients where w satisfies the linear
elliptic equation

—Aw + Aw = k1u + kov, re, t>0,

have been already analyzed in [16] for a range of parameters, see also [9].

e The second application considers a degenerate reaction-diffusion system with
nonlocal sources modelling a cooperative system of two biological species. We
consider the unknown densities “u” and “v” satisfying the system

up = Au™ — x1V(uVw) —au + [, [v]?, zeN, t>0,
vy = Av™ — xoV(oVw) — b + [, [u]?, €N, t>0,
—Aw + A w =u+ v, x €

with Neumann boundary conditions
Z—Z:Z—ZZZ—Z:Q eI, t>0,
for 11,70 > 1, p,q,a,b > 0 and |©2] = 1. We obtain results on the asymptotic
behavior and blow-up for some range of initial data and parameters. The
system for x; = x2 = 0 has been also used to model the temperature of two
substances in a combustible mixture (see for instance [12], [13] or [17] and
reference therein).
We assume that the initial data satisfy

Up, Vg € C§+Q(Q) (11)

and 5 5
u V)
8—;:8—;:0 in 9. (12)
In order to study the mentioned problems above, we first analyze the weakly
coupled general system. For the completeness of the result, we detail the comparison
method for the problem (1) in Section 2. These results can not be applied directly
to the problems studied in Section 3 due to the nonlocal terms or nonlinear diffusion

coefficient that we treat separately.

up,vo >0 in

2. Comparison method. In this section we study the comparison method for the
problem (1) employing Schauder’s fixed point theorem. We assume that there exists
T > 0 such that the solutions of problem (6) exist in (0, 7).

The main purpose of this section is the following theorem:

Theorem 2.1. Under hypothesis (2)—(5), if the initial data satisfy

the unique solution of (1) fulfills
w; < up < Wy, fori=1...m, (14)

where u; and w; satisfy (6).
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Proof. Let A be defined as follows:
A= {ue[C%Qr)]™ such that u; <u; <7, for i=1...m}.
Notice that A is a bounded set in [C°(Qr)]™. Let J : A — A be defined by
J(@) =u
where u is the solution to the problem

Ut — E(u) = g(u)’ (x’t) € Qr

Bu =0, (z,t) € 0 x (0,T)
with g(u) := (g1 (u), ..., gm(u)) for
gi(u) = gi(ty, ..., Uiy, Ui, Ui, - -, Um)-
For simplicity, in order to prove that J has a fixed point, we divide the proof into
several steps.
Step 1. We see first that J is well defined for T' small enough.
We linearize the problem and apply a fixed point argument to prove the existence

and uniqueness of solution of (15). Due to parabolic regularity and assumptions
(2), (3) and (5) the solution to the linear decoupled problem belongs to

[LP(0,T : W*P(Q)) nWhP(0,T : LP(Q))]™

for some p > n (see Remark 48.3 in [11]). Thanks to (4) we obtain using a fixed
point method that

w € [LP(0,T : W*P(Q)) N W(0,T : LP(Q))]™,
which implies
u € [CY(Qr)]™, for T small enough.

Step 2. u € A.
We denote by

Ui(z,t) = ui(z,t) —u(z,t), U(x,t) :i=ui(x,t) —u,(x,t),

g, = maximum g (q), g, = minimum g (), for ¢ > 0,
gjgujgujforj;éz gjguj'gu]'forjyéz
Ui = Us; Ui = U,

and the standard positive and negative part functions:

s if s >0,
(s)+ = { 0 otherwise (5)- = (=9)+-
With these notations, resting (6) and (1), we obtain the following PDE system
o _ _
U, — .U < & = 1
atUl ‘CZUl - gl(u) g7,7 ( 6)
0 -
&Qz - ‘C’LQZ > gz(u) — 9 (17)
BiU; <0, (18)
B;U; >0, (19)
U,;(z,0) = u;(z,0) — u;(z,0), Ui(z,0) = u;(x,0) — u;(x, 0). (20)
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We take (U;), as test function in (16), i.e., we multiply by (U;), and integrate by
parts over €) to obtain, after some computations:

s [ @R+ [ NSO+ [ 69O O+ [ O] <

/Q (gi(w) —7;) (Us) 1.

Thanks to (3), we estimate the third term in the left part of inequality (21) as

(21)

follows
[P ov@ @ < [ @R+ 5 [ 19T).P.
In order to simplify the term g;(u) —g;, we add :I:gl(ul, e W1y Wiy Wiy - vy Ui
ie, gi(u) —g; =
Gi(uw) — gi(Uy .oy Uity Wiy Uit 1y e oy Um) + Gi (T, - ooy Ui 1, Wiy Ui 1y -+ vy Upn) — G

Thanks to the definition of g; it follows
gi(ﬁlv BREE) ai*l7ﬂi7ai+17 s 7ﬁm) —9; <0,
and by Mean Value Theorem
Ui
u;=§
for some & € (U;, u;) U (u;,@;). By assumption (4) we have

/ (i) — 7) @)y <Ky / 0.
Q Q

Therefore, from (21) it follows

1d ) e
th/ / |V ‘ <k /gz(UZ)-H (22)
for t € (0,7).

In the same fashion as before we multiply equation (17) by (U;)— to derive, using
similar computations as those in (21), the inequality

1 d / 2 ,/ 2
VTP <k | (U,)2. 23
x V@) <k [ (1) (23)
Finally, adding (22) and (23) we see that

Gl @R <K [S@h w2, e

for all t € (0,7) and K = max;=1,. m{ki,k;}. By (13), the initial data satisfy
(Ui)+ = (U;)- =0 at t =0 and we apply Gronwall’s Lemma to achieve

(ﬁi)-i- =(U;)- =0,

which proves u € A for T small enough. The solution is extended to (0, T4z ),
where (0, T2 is the maximum interval of definition of u; and w,.
Step 3. Compactness.

Since u; € L>(0,T : L>=(f2)) we have that us — Lu € L9(0,T : L1(Q)) for any
q < o0, by (5) and [11] (Remark 48.3 (ii)) we have that

u; €Yy, = LP(0,T : W*P(Q)) N HY?(0,T : L(Q)),

B
. g < 5
gi(u) —g; < 8uigz(u)
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for some p > n. Since Y, C C°((0,T) x Q) is a compact embedding for T < co and
A is a bounded set, we have, by Schauder fixed point theorem that J has at least
one fixed point in A, the solution to the problem. Uniqueness is a consequence of
the regularity of g. O

3. Applications.

3.1. Problem 1. First we study a system of type (7), (8) and (9) consisting on
three partial differential equations modelling the spatio-temporal behavior of two
competitive populations of biological species (u,v), both of which are attracted

Gp

chemotactically by the same signal substance “w”.

In [16], the authors have considered the case f = u + v and they obtained that,
when 0 < a7 < 1 and 0 < az < 1, the system possesses a uniquely determined
spatially homogeneous positive equilibrium (u*,v*), globally asymptotically stable
within a certain nonempty range of the logistic growth coefficients pu; and us. In
our case the parameters A\, x1, x2, 41 and uo are assumed to be positive.

We rewrite system (7) as follows

us + Aju = —x1Vw - Vu + xqu(f(x,t) — dw) + ppu(l — u — aqv), in Qr,

vy + Agv = —x2Vw - Vo + xou(f(z,t) — Aw) + pev(l — agu —v), in Qp,

—Aw + lw = f(x,t), in Qrp,
where A; satisfy (H1)-(H4).
Remark 1. We consider the following auxiliary problem

ug + Aru = fi, v+ A2v = fo in Qr

with the boundary conditions given by (8) for any f; € LP(0,T : W~1?(Q)) and
fo € LY90, T : W=19(Q)). Since A; satisfy assumptions (H1)-(H4) we obtain
the existence and uniqueness of solutions (u,v) € (LP(0,T : WLP(Q)),L9(0,T :
W14(Q))). The proof is similar to the result in Derlet and Taka¢ [6] Proposition
2.1, where homogeneous Neumann boundary conditions are considered. An stan-
dard fixed point argument in f; gives the existence of weak solutions. Uniqueness of
solutions is a consequence of assumption (H4) and regularity of the reaction terms.

Since Theorem 2.1 can not be applied directly to the system due to the differen-
tiated terms, we consider the following lemma.

Lemma 3.1. Under hypothesis (2)-(5) and (H1)-(H4) we have that if there exist
(W, u), (v,v) such that

a4+ A1 < —x1Vw - Vu + xy1a(f(z,t) — Aw) + ma(l — @ — aqv),  in Qp,
u, + Arw > —xaVw - Vu+ xqu(f(z, ) — Aw) + piu(l —u — a10),  in Qr,
Ty + AT < —xoVw - VT + x20(f (2, 1) — Aw)
v+ A0 > —xoVw - Vo + xou(f(2,t) — Aw) + pov(l — au —v), in Qr,
—Aw+ Mw = f(x,t), in Qr,
satisfying the boundary conditions (8) and the inequalities
u(0) < u(z,0) < w(0), v(0) < v(z,0) < (0) (25)
then, the unique solution of (7) fulfills
u<u<u, v<v<T. (26)

x, + uot(l —agu —70), in Qp,
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Proof. We denote by

Uz, t) == u(z,t) —ut), Ulx,t):=u(z,t)—ut),
and

V(z,t) :=v(x,t) —o(t), V(z,t):=v(z,t)—vt).

The proof follows the steps of Theorem 2.1 except for the step 1, which should be
replaced by Remark 1. The rest of the proof is similar to Theorem 2.1 except for
the differentiated terms which we treat in the following way

0 0

Aju— A i >
< Aju— A, (U) 4 >= /?%2 xuVua%Uamaﬂ+_Q

Jo@):VT Vo =1 [, VT2 -V

— 4 [o(0); A
= %fQ<U)3-(f — Aw)
<cfo(U)

The rest of the terms

< Ayu— Ay, (U)- >, < Ayv — 410, (V)L >, < Agv — Agu, (U)_ >,

/Q(QLVQ-VM, /Q(V)+VV-Vw and /Q(KLVK-Vw

are treated in the same fashion. The rest of the proof reproduces the steps of
Theorem 2.1. O

The main result of this section is as follows

Theorem 3.2. Letn > 1 and Q C IR" be a bounded domain with smooth boundary.
Assume that A, xi, p; and a; are positive for i = 1,2 and f satisfies (10). For all
positive initial data ug € C°(Q) and vy € C°(Q), the solution (u,v) to (7) is bounded
and satisfies

lu(-,t) = u*l|poe ) + V(- 1) = V™| oo () — O as t — oo (27)

where the constant steady (u*,v*) takes one of the following values

1-— 1—
o (u,v*) = o 2 ) fo<ai<1,i=1,2
1—a1a2 1—a1a2

o (u*,v*) = (1, )zf 0<a; <1<as,

o (u',v*)=(0,1), if 0<ar<1<a.
If1 < ay, fori =1,2 and f =0, we have that the solution satisfies (27) for (u*,v*)
given by

. agfl

o (u*,v*)=1(1,0) if maxwvy < minug———
( ) ) (7 ) f ey 0 2eQ Oa1_17
ag—].

o (u*,v*)=(0,1) if gnelgvo > Ia?e%(uoal —
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In order to prove the theorem we introduce a system of Ordinary Differential
Equations for the upper and lower solutions

=1 [ul T — prayv + x1 sup{ f(z,1t) )\w}]7
TEQ

[ Hiu — p1a1 + X1 1nf{fm t) )\w}], 0,
with positive initial data %o, ug, Uo and v,. Following the outline of Theorem 2.1,
we analyze the stability of the system. Denoting by

M(t) == gsclelg{f(m, t) — Aw(z,t)}, m(t) = zllelg{f(a?, t) — Aw(z,t)}, (28)

H
S

o — H2al — 2T + X2 sup{f x,t) )\w}}

M2 — H2a2T — fo¥ + X2 Helg{f(ifvt) - Aw}}a t>0,

we observe that the system can be expressed as two independent systems of equa-
tions:

=71 [Ml Mlu—M1a1U+X1M(t)}’

=2 [Mz — a2l — p2v + xom(t

\ Q

}} (29)

[/Jl — i — pi1a10 + x1m(t

= {Mz — {2021 — (12T + XzM(t)} :

We shall study the solutions’ properties of the first system in (29). The other one
is symmetric and all the results obtained for the first one are valid for the second
system.

We analyze (29) taking into account that M (¢) — 0 and m(t) — 0 as t — oo and
we can justify that it is natural to work in this framework. If we denote by

ft)=sup f(z,t),  f(t)= inf f(=,1),
€N €N

by Maximum Principle, in (7), we know that
f(t) < dw(z,t) < f(1), VareQ. (30)

By assumption (10) and taking into account (30), we obtain

Jim o= 7 [ ey =

and therefore

M(t) = ilelg{f(x,t) —w(z,t)} — 0, m(t) := ;Ielsf]{f(m’t) —w(z,t)} — 0. (31)

Notice that, by integration in —Aw 4+ Aw = f, we have that /(f — Aw) = 0, for
Q

all ¢ > 0 and it implies that M (¢) > 0 and m(t) < 0.

System (29) has been widely studied in the literature. For the autonomous case
(i.e. M(t) = m(t) = 0) Braun in [5] details the asymptotic behavior depending
on the parameters. To the author’s knowledge, the asymptotic properties of the
solutions for the general case of the nonautonomous system (29) have been studied
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for the first time by Ahmad in [1] and [4], under certain assumptions for the coeffi-
cients, i.e., always assumed to be bounded, continuous and nonnegative. Using only
simple arguments based on differential inequalities and standard theorems concern-
ing continuity of solutions of differential equations with respect to initial conditions
and parameters, it is possible to find optimal bounds and convergence results for
the solutions of (29).

For readers’ convenience we quote the results in [5], [1] and [4] used in the proof
of Theorem 3.2.

e Case I. M =m =0.
In this case we have an autonomous system (commonly called an au-
tonomous Lotka Volterra system) as a model of competition between two

species
uh =y [p — paus — pragus),
(32)

uy = ug [pg — p2aguy — HalUsz).

For M = m = 0, both systems in (29) coincide, and for simplicity, we had
denoted their solutions by (u; = U = u, us = v = 7). The equilibrium points
of (32) are (0,0), (1,0), (0,1) and

1—a1 1—@2

oY) = . 33
(U7U) (1—&1&2,1—(11&2) ( )

(I.a) In [5] and the references therein, it is proved that a phase plane analysis
of this autonomous case shows that the conditions

0<a;<1 for =12 (34)

are necessary and sufficient for the existence of a unique stable equilibrium
point (u*,v*) of system (32) given by (33), such that both components are
positive and it globally attracts all solutions with initial values in the open
first quadrant of the (u1,us) plane.

If (34) fails, then, generally the model either predicts that one of the com-
petitors always becomes extinct while the other persists, or that the outcome
of the competition depends on the initial data. Another feature of the system
(32) is that if (u1,ug) is a solution which is nonnegative in both components
then the change of variables (vy,v2) = (u1, —ug) converts (32) to a coopera-
tive system. Cooperative systems are well known to be order preserving so if
(u1,ug) and (@, Us) are nonnegative solutions to (32) with uq(0) > @4 (0) and
u2(0) > 12(0) then uy(t) > @y (t) and uz(t) > Go(t) for all ¢ > 0.

If conditions (34) fail two different cases occur:

(I.b) Assume that in (32)

0<a; <1< as. (35)

Then, any solution (uq(t), uz(t)) of (32) with uq(to) > 0, ua(to) > 0 for some
to > 0, verifies (u1(t),uz2(t)) — (1,0), as t — oo. This is sometimes referred
to as the principle of competitive exclusion. That is, us approaches zero as
t approaches infinity for every solution (uj(t),us(t)) of (32) with wuq(to) > 0.
By symmetry, if we assume that

0<ay<1<ay, (36)



ON A COMPARISON METHOD TO REACTION-DIFFUSION SYSTEMS 2679

then (uq(t),ua(t)) — (0,1), as t — oc.
(I.c) Assume that

a; >1 and az > 1. (37)

Then,

1. The equilibrium solution (0, 0) of (32) is unstable.

2. The equilibrium solutions (0,1) and (1,0) of (32) are locally asymptoti-

cally stable.

3. The equilibrium solution (u*,v*) of (32) defined by (33) is a saddle point.
Case II. M(t) — 0 and m(t) — 0. We consider our problem as a particular
case of a Lotka-Volterra system (see a large and complete study of this problem
in [1] and [4])

u/1 = u1 [ﬁl(t) — iUl — /$1G1U2],
(38)

uy = ug [fig(t) — paagur — paus].

Given a function g¢(¢), which is bounded above and below by positive con-

stants for tg < t < oo, we let g;, and gj; denote ti;ltf g(t) and sup g(t), respec-
Zto t>to

tively. The coefficients in (38) are always assumed to be bounded, continuous,
and nonnegative, therefore the solution exists in (0,00) and it is uniformly
bounded.

(Il.a) In [1] it was shown that if the coefficients fi;(-) are bounded below by
positive constants, then, if the inequalities

Parppz > aipafion  and  fioppin > azpiefiim, (39)
hold, then there exists a solution v*(t) = (uj(t), u5(t)) such that the inequal-
ities

_ Manpe — aipfior

- . -
< H1L 2 112 M

0 =35 <uj(t)<r ,
M1 — a1a2 1 42 Hip2 — A1A2pd1 42
_ N . ) (40)
0< M2 — H1p Q22 =y < ui(t) < 82 = Hifon — H1p G2 M2

H1p2 — a1azfiy {2 H1p2 — arG2fi1 H2

hold for t < t < oo. These bounds are optimal since, in the autonomous
space, the upper bound for each component coincides with the lower bound
for that component. Another important result obtained in [1] is: if conditions
(40) hold and (uq(t),us(t)) and (v1(t),v2(t)) are any two solutions of (38)
such that ug(t;) > 0, vg(t1) > 0 for k = 1,2 and for some t; > to, then
ui(t) —v1(t) = 0 and us(t) — v2(t) — 0 as t — oco. Thus it follows that if
(u1(t),u2(t)) is any solution of (38) with both components positive at some
time and € is any arbitrary positive number, then

s1—e<ui(t) <r +e, ro —e < ug(t) < sy+e

for sufficiently large t.

Notice that if uy (t) and us(t) are positive solutions of the logistic equations
() = wa (6)is (£) — s (1)) and why(t) = ua () ia(t) — paa(£)], respectively,
then the pairs (uq(t),0) and (0, uz(t)) are solutions of (38). Moreover, the open
first quadrant in the (uq, us)-plane is invariant in the sense that if (uq(t), ua(t))
is a solution of (38) with u1(0) > 0 and u2(0) > 0 then u(t) > 0 and ua(t) >0
for all ¢t > 0.
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If conditions (39) fail the following occurs:
(I1.b) Under the assumption that the inequalities

farnpe > aipiifionr,  and  pifion < agplafitr (41)

hold (these are equivalent to (35) in the constant coefficients case), the main
result proved in [2] gives us exact information about the development of the
solutions of (38): If (u1(t),u2(t)) is any solution of (38) such that ui(tg) >0
and uz(to) > 0 for some ty in (—o00,00), then us(t) — 0 and uq(t) — a(t) — 0
as t — oo, where U(t) is the solution of the logistic equation

@/ (t) = alt) [ (1) — ma(), (42)

such that 61 < 4(t) < d3 on (—o0,00) where &1 and 02 are any numbers
satisfying the inequalities 0 < &1 < firr/p1 < fan /1 < 2.

Of course, a similar result, where the role of u; and us are interchanged,
will hold if the inequalities in (41) are replaced by

P po < ajprflar, Haflor, > Qoo fli M - (43)

An extension of this principle for nonautonomous systems was given in [2],
where it was shown that similar algebraic inequalities imply that there can be
no coexistence of the two species. One of them will be driven to extinction
while the other will stabilize at a certain solution of a logistic equation.

In [3] it was considered a somewhat more general system, and given a
further extension of the result by introducing a sufficient condition that is
implied by (41) (and (43) respectively). If in (38) the coefficients verify the
following conditions: f;(t) = u; + fi(t) are continuous and f;(t) < ¢; e 7t
where ¢; and ~; are positive constants and we do not assume the growth rate
; is positive, if (35) holds then if (u;(t),uz2(t)) is any solution of (38) such
that uy(tg) > 0, u2(tp) > 0, then uz(t) — 0 exponentially and uq(t) — G(t)
as t — 0o, where 4(t) is the unique positive solution of

@/ (t) = a(t) i — ().

Proof of Theorem 3.2. Observe that all the coefficients for the general case
(38) are always assumed to be bounded, continuous, and nonnegative: in our case,
taking into account the continuity of f and the definitions of M and m (31), we
confirm that these hypothesis are verified. For ¢y large enough, taking into account
(31), we can choose the positive parameters p;, x;, ¢ = 1,2, such that

pi +xim(t) >0,  Vt>to. (44)

This will be the framework along the rest of this section and all the results are
valid under conditions (44). Taking into account the structure of time depending
coefficients, by (31), in limit, we rediscover from conditions corresponding to non-
autonomous case the same conditions of the constant coefficients case. Thanks to
above results concerning the asymptotic behavior of (29) and (38) we have

e Under assumption (34) for positive parameters A, x1, x2, 1 and pa, any so-
lution (@(t), v(t)), (u(t),v(t)) of (29), with positive initial data satisfies

u(t) = u”, u(t) = u”, v(t) = v*, o(t) = v* as t— oo,

with (u*,v*) given by (33). In other words, under assumptions (34), we
have that all solutions (u(t),v(t)) and (u(t),v(t)) of (29), with both pairs
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(T(to),v(to)) and (u(to),v(tg)) positive, ultimately approach the equilibrium
solution (33). Therefore, applying (14) and Lemma 3.1 we conclude

lul- 1) = u*[lLe (@) + v, 8) = 0"l @) =0 as t— oo (45)

e Assume the parameters A, x1, X2, #1 and pe are positive and (35) holds. For
any solution (u(t),v(t)), (u(t),(t)) of system (29), with positive initial data,
we have

u(t) — 1, u(t) — 1, v(t) — 0, o(t) -0 as t— oo.

This is equivalent to saying that the species T and v become extinct if u(tg) > 0
and u(tp) > 0 and thanks to Theorem 2.1 and Lemma 3.1 we have

u(,t) = | pee ) + [ Ol @) =0 as ¢t — oo (46)
By symmetry if a; > 1 and 0 < as < 1 we have
ul, )|z (o) + () = U[pe@) =0 as ¢ — oo. (47)
o If (37) is satisfied, M = m =0 (i.e. f=0) and the initial data (ug,vo) of (7)
verifies
. _ ag — 1 as — 1
= > = 48
Yg = minwg uoal_ mwaxuoal_l, (48)
then
(u,7) = (0,1), (u,v) = (0,1) as t— o0 (49)
and therefore, by Theorem 2.1 and Lemma 3.1
u(, O)llzee(@) + [[v(,t) = U[pe@) >0 as t— oo (50)

The proof of the asymptotic behavior of (u, @, v, D) is similar to Theorem 6 in
[Braun [5], Chapter 4, section 11] see also exercise 6 in [5] p. 456.
On the other hand, if the initial data (ug, vo) of (7) satisfies

_ as — 1 . as — 1
p— == ].
Uo = max v <y0a1_1 mwlnuoal_l, (51)
then
(u,v) = (1,0),  (wv)—(1,0) as t— o0 (52)
and therefore
[[u(-,t) = 1| poe ) + [v(5 )| Lo () — O as t— o0. (53)

Observe that under restriction (37), the stability of (u*,v*) and (0,0) in the
case (I.c), the ODE analysis doesn’t give us more information about the
problem (7).
Since
ﬂi(t) — for i=1,2
the solution of the non-autonomous system converges to one of the equilibrium
solutions of the autonomous system defined in Theorem 3.2 as a consequence of

(10). The equilibrium solution where the solution converges is determined by the
sign of the following limits

lim (fiiarp2 — paafior), lim (fiarp1 — azpiafiinr)
t—o0 t—o0

which coincide with the signs of 1 — a; and 1 — ao, respectively. O
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3.2. Problem 2. In this subsection we consider a system that describes the evo-
lution of a cooperative system of two biological species (u,v) which satisfy
up = dyAu" — x1V(uVw) — au+ [, |v]?, T€eQ, t>0,
vy = de Av™ — xoV(uVw) —bu + [ Jul?, x€eQ, t>0, (54)
“Aw+ w=u+v z e, t>0,

with Neumann boundary conditions
ou Ov  Ow
on  On  On

where Q C IR" is a bounded domain with smooth boundary such that |Q] =1 and

0, x€09, t>0, (55)

a>0, b>0, r>1, ro > 1, p>1 and g¢>1.

The problem, where x; = Xx2 = 0 has been studied by several authors (see for
instance [12], [13] and [17] and reference therein) where the critical exponents and
blow-up rate of solutions are given. In [17] is proved a result concerning the local
existence of solutions that are extended to a maximal interval of existence (0, Traz)
such that
i [l @) + 1Vl (@) + Tmas = o0

We consider the asymptotic behaviour of the solutions by using the comparison
method presented in Section 2 for positive parameters x; and y2. We also provide
results on the stability of steady states. Since nonlinear diffusion coefficients are
not considered in Section 2 we can not directly apply Theorem 2.1 to (54)-(55) for
ry > 1 or ro > 1. Nevertheless, it is possible to use a similar argument for the
particular case of spatially homogeneous sub- and super- solution u, v, @ and v.
Notice that the nonlocal term is not considered neither in Theorem 2.1.

The problem can be expressed as follows

ug = d1Au™ — x1Vu - Vw + xqu(u + v — Aw) — au + fQ |v|P, e t>0,

vy = da Av™ — X2V - Vw + xou(u + v — dw) — bv + [, |ul?, x e, t>0,
“Aw+Mw=u+v zeQ, t>0.

(56)

In order to study the stability of the system, we first introduce the next lemma.

Lemma 3.3. Under assumptions (11), (12), there exists Tpmar > 0 such that the
unique solution to the problem (54)-(55) satisfies

u(z,t),v(x,t) >0, in 2€Q, t<T
where Trae Satisfies

lim  [Ju(t)| Lo @) + [[v(t)]| Lo () + T = oo.

t—=Tmax

Proof. The existence of solutions follows a fixed point argument for the decoupled
problem. Let us consider the set A, as the functions (i, 19) € [C%2 (Qr)]? satis-

fying

e~ Ual+1PDt min Q inf ug, inf vy » < 9 < 2max { sup ug, sup vo
EQ z€N zEQ zEQ
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and let J : A — [C*% (Q7)]? be given by J (@, ¥) = (u,v) where (u,v) is the solution
to the problem
up = dir V- 4" Vu — x1 VuVw — au + [ [0]P + xqu(i + 0 — Aw), in Qp,
vy = dgraV - 027 Vu — xoVoVw — bo + [, a7 + x2v(d + 0 — Aw), in Qr,
ou  Ov
v v
where w satisfies
—Aw+AIw=a+7 in Qp,
with Neumann boundary conditions. Linear PDEs Theory (see [11] Remark 48.3
(ii) page 439) gives us the existence and uniqueness of solutions in

[LP(0,T : W*P(Q)) nWP(0,T : LP(Q))]*> € WHP(Qr)?, for some p > n.

For T small enough we have that the solution remains in A. Since [W1?(Qr)]? —
[C% (Qr))? is a compact embedding, a Schauder fixed point Theorem allows us to
obtain the existence of solutions in {27 for T small enough. Uniqueness is a conse-
quence of the monotonicity of the differential operators, Lemma 3.3 and assumption
p,q > 1. We now may extend the solution to a maximal interval (0,T},q,) where
the solution remains bounded and positive, since (e™** inf ,eq ug, e~ * inf .eq vo) is a
sub-solution to the problem (for some & := k(ug, vo, a, b)) we have that the solution
remains positive and T},,, satisfies

im @z @) + 0Ol @) + Tas = o0.

Remark 2. Notice that
u,v € LP(0,T : W*P(Q) N WP(0,T : LP(2))]*> ¢ C*%(Qr,,..).

In order to apply a comparison method, we introduce the following system of
equations

u = —au+W+ 1 u@+v—u—2v), t>0, (57)
v = —au+P+xulu+v—u—-1) t>0, (58)
v = —bv+ul+ 20U +v—u—v), t>0, (59)
v = —bv+ul+xwlutv—-u-71), t>0. (60)

Notice that the solutions of the system are non negative provided the initial data
Ug, Uy, Vo and v, are non negative.

Theorem 3.4. The unique solution to (54)-(55) satisfies
u<u<u, v<uv<7, (x,t) € Q% (0, Trmaz), (61)

where T, u, T and v are the solutions to (57)-(60) and Tyay is the mazimum time
of existence.

Proof. The proof is similar to the proof of Theorem 2.1 except for the step 1, which
is replaced by Lemma 3.3, and the treatment of the following integrals:

—/ UiAu™ = —rl/U+div(uT1_1Vu) :rl/u“_1|VU+\2 > 0.
Q Q Q



2684 MIHAELA NEGREANU AND J. IGNACIO TELLO

In the same way we have

/ELAMVZH/U”JWQJQZ&
Q Q

_/mAw :m/ TV 2 > 0
Q Q
and

/K?A’UTQ = 7'2/ 1}T2_1|sz|2 > 0.
Q Q

The nonlocal terms are treated as follows: since u and T are non-negative, we have
that, by Mean Value Theorem, u? — u? = pP~1(u — %) for some positive function
&. Notice that £ is a bounded function for any ¢ < Ty,4.- Therefore

T [ =) =T [ 5 0-0) < Ty [ 56V < el DTV lorco
Q Q Q

and - - o
Jo U4 JoP =77)) <& DU @IVl

< (0, (1T 320y + 17+ 120 ) -

In the same way we have

/Q(U_/Q<vpvp>) s/{)(v_/gpsglww_) <

c2(§2, DU L) [V -l a) < c2(€2, ) (”Q—”%Z(Q) + ||K—||2L2(Q)>

and
L (7 [ =) < caea ) (102 By + 17 )
Q Q
— [ (Vo [ (u? =) ) < ea(€a, Q) (U172 () + 1V )12 ) -
0\ Jo = = C4\G4s =—liL2(Q) T lI=-1L2(Q)
The rest of the proof follows the proof of Theorem 2.1. O

We now consider different cases, depending on the values of y;. For completeness
of the proof we also include the non-chemotactic case x; = x2 = 0.
Case I. x; = x2 =0.
In that case the system (57) and (59) contains two positive steady states if
p+q>2 (62)

defined by
(0,0), and (u*,v%):= (aﬁbﬁﬂqulbﬁ) .
Lemma 3.5. We have the following
a.- If p=q=1 and ab > 1, any solution satisfies
tlgglo(u,v) = (0,0).
b.- If p>1 and q > 1, under assumption (62):
b1.- There exists a solution (u1,01) such that

hmt—)oo(ﬂlaﬂl) = (0; O>7 hmtﬁfoo(ﬂlail) = (U*7 U*)a
(63)
) <0 and Ty <0 for t € RR.
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by.- There exists a solution (U, Ta) such that
limg oo (T2, U2) = (u*,v*), limg_7 (T2, V2) = (00, 00),
(64)
ub >0 and vy, >0 for t <T,

for some T < 0.

Proof. For the case (a) we have a linear system where (0,0) is the steady state
and both eigenvalues are negative as a consequence of ab > 1. Therefore (0,0) is
asymptotically stable which proves (a).

For the second case there exists two steady states (0,0) and (u*, v*). We consider
the regions

Ay = {(u,v) € IR such that —au +7” <0, —-bv+u? <0, @
Ay = {(u,v) € IR such that —au +7” >0, —bv+a? >0, @
Notice that

e A; contains both steady states,

e U < 0and 7 < 0 in the interior of Ay,

e (W,7') v < 0in dA; except for (0,0) and (u*,v*). Where v is the exterior
unit normal vector to A;.

IN

u* and
d

S]]

IN

<
*
[

S
Y
S

*

u* an

Y

Since there is not any steady state or periodic solution in the interior of A;, we
have that there exists a solution (u1,v;) satisfying (63).

In the same way, thanks to (@,7’) - v < 0 in A (except in the critical point
(u*,v*)) and @ > 0 and ¥’ > 0 in the interior of As we obtain that there exists a
solution (ug,v2) such that

t_l)lr_noo(u%UQ) - (u U ), th_>H711 |u2| + |1)2| = 00, (65)

for some T < co. If

lim Ta(t) < oo or lim Da(t) < oo
t—T t—T

occurs, we have that Te and Ty are uniformly bounded in (0,7) which contradicts
(65) and proves (64). O
Case II. xy; + x2 >0
Lemma 3.6. Let p,q > 1 and a,b > 0, such that there exists s* <1 and

— min{a, b}s + s 4 2max{y;, x2}s* <0 (66)

for any s < s*, we have that for 0 < Ty +Tg < s* the solution (u,D) to the problem
satisfies
(u,v) — (0,0) as t— oo.

Proof. Notice that, since the solutions are positive, the solutions (uy,71) to the
following system are upper bounds of the solutions to (57)-(60).

uy = —au +0 + xiu(ug +v1), t>0, (67)

vy = —boy +uf + x2v1(uy +v1), t>0. (68)
We add the above expressions to obtain

W, + 0, < —min{a, bY@, +71) + (@ + 1) PD L 2max{x1, x2} (@ + 1),
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since the solution w to the equation
w' = —min{a, b}w + w™™ PB4 2 max{x, x2}uw?,

0 <w(0) < s*
satisfies
lim w=0

t—o0
we have, by Maximum Principle that
lim @, = lim 77 =0
t—o0 t—o00

and therefore
Jim = Jim 0 =0
if
g + Tg < s*.

Now we formulate a comparison result similar to Theorem 2.1:

Theorem 3.7. e Case I, x1=x2=0
i- Ifp=q=1 and ab > 1 the solution to (54)-(55) satisfies

Jim ull pe @) + [[0l] =) = O

for any positive and bounded initial data.
ii1- If p > 1 and ¢ > 1 and (62) is satisfied, we have that the solution to

(54)-(55) satisfies
lull Lo ) + [vl|Loe(@) — 0 ast — oo,
if the non negative initial data satisfy
supug < u*  and supvy < v*. (69)
Q Q
iio- If p > 1 and ¢ > 1 and (62) is satisfied, then, the solution to (5/)-(55)
satisfies
ul| oo () + V]| Loy — 00 ast =T,
for some T < oo, if the initial data satisfy
inf * d inf *.
infug >u* an infvo > v (70)
e Case II. x1 + x2 > 0 if either
IL;- If p,g>1,a,b>0
or

IT;- If min{p,q} =1 and min{a,b} > 1,
then, for any initial data (ug,vo) satisfying

[uol| Lo + [[vollLee < ¥
(for s* defined in Lemma 3.6) we have that

lull Lo () + V]| Lee @) —> 0 ast — oo.
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Proof. The proof of “/” is a direct consequence of Theorem 3.4 and Lemma 3.5-(a)
provided the initial data (@, 7o) satisfy

Uy < ug < U, Yo < vy <Up.

For the case i1, the assumption (69) implies that there exists bounded initial data
(To,To) which belong to the trajectory (@y,71) and satisfy ug < uo and vy < T.
Thanks to Theorem 3.4 and Lemma 3.5-(b1) we conclude i;.
If (70) is verified, we take initial data (ug,v,) in the trajectory (@z,v2) such that
ug > Ug, and vg > vy. We apply Theorem 3.4 and Lemma 3.5-(b3) to obtain iis.
The proof of case II is based in a comparison argument for the system of ODEs.
We consider initial data (U, ug, Do, vy) such that

— —_— *
Uy + 09 < 87,

for s* defined in Lemma 3.6. Since assumption (66) is satisfied for the cases II; and
I11;; we apply Lemma 3.6 and Theorem 3.4 to end the proof. O

REFERENCES

[1] S. Ahmad, Convergence and ultimate bound of solutions of the nonautonomous Volterra-Lotka
Competition Equations, J. Math. Anal. and Appl., 127 (1987), 377-387.

[2] S. Ahmad, On the nonautonomous Volterra-Lotka competition equations, Proc. American
Math. Society, 117 (1993), 199-204.

[3] S. Ahmad, Extintion of species in nonautonomous Volterra-Lotka systems, Proc. American
Math. Society, 127 (1999), 2905-2910.

[4] S. Ahmad and A. C. Lazer, Necessary and sufficient average growth in a Lotka-Volterra
system, Nonlinear Analysis, 13 (1998), 263—284.

[5] M. Braun, Differential Equations and Their Applications, An introduction to applied mathe-
matics. Fourth edition. Texts in Applied Mathematics, 11. Springer-Verlag, New York, 1993.

[6] A. Derlet and P. Taka¢, A quasilinear parabolic model for population evolution, Differential
equations and Applications, 4 (2012), 121-136.

[7] A.Friedman and J. I. Tello, Stability of solutions of chemotaxis equations in reinforced random
walks, J. Math. Anal. Appl., 272 (2002), 138-163.

[8] M. Negreanu and J. I. Tello, On a Parabolic-Elliptic chemotactic system with non-constant
chemotactic sensitivity, Nonlinear Analysis: Theory, Methods & Applications, 80 (2013),
1-13.

[9] M. Negreanu and J. I. Tello, On a competitive system under chemotactic effects with non-local
terms, Nonlinearity, 26 (2013), 1086-1103.

[10] C. V. Pao, Comparison methods and stability analysis of reaction-diffusion systems, In the
book Comparison Methods and Stability Theory, Lecture Notes in Pure and Appl. Math.,
162, pp 277-292. Dekker, New York, 1994.

[11] P. Quittner and P. Souplet, Superlinear Parabolic Problems: Blow-up, Global Ezistence and
Steady States, Birkhduser Advanced Texts: Basler Lehrbiicher. [Birkh?user Advanced Texts:
Basel Textbooks] Birkhduser Verlag, Basel, 2007.

[12] P. Souplet, Blow-up in nonlocal reaction-diffusion equations, SIAM J. Math. Anal., 29 (1998),
1301-1334.

[13] P. Souplet, Uniform blow-up profiles and boundary behavior for diffusion equations with
nonlocal nonlinear source, J. Diff. Equat., 153 (1999), 374-406.

[14] C. Stinner, J. I. Tello and M. Winkler. Competitive exclusion in a two species chemotazis
model, J. Math. Biology, (2013).

[15] J. I. Tello and M. Winkler, A chemotaxis system with logistic source, Communications in
Partial Differential Equations, 32 (2007), 849-877.

[16] J. I. Tello and M. Winkler, Stabilization in a two-species chemotaxis system with a logistic
source, Nonlinearity, 25 (2012), 1413-1425.


http://www.ams.org/mathscinet-getitem?mr=MR915064&return=pdf
http://dx.doi.org/10.1016/0022-247X(87)90116-8
http://dx.doi.org/10.1016/0022-247X(87)90116-8
http://dx.doi.org/10.1016/0022-247X(87)90116-8
http://dx.doi.org/10.1016/0022-247X(87)90116-8
http://www.ams.org/mathscinet-getitem?mr=MR1143013&return=pdf
http://dx.doi.org/10.1090/S0002-9939-1993-1143013-3
http://dx.doi.org/10.1090/S0002-9939-1993-1143013-3
http://www.ams.org/mathscinet-getitem?mr=MR1636914&return=pdf
http://dx.doi.org/10.1090/S0002-9939-99-05083-2
http://dx.doi.org/10.1090/S0002-9939-99-05083-2
http://www.ams.org/mathscinet-getitem?mr=MR986448&return=pdf
http://dx.doi.org/10.1016/S0362-546X(97)00602-0
http://dx.doi.org/10.1016/S0362-546X(97)00602-0
http://dx.doi.org/10.1016/S0362-546X(97)00602-0
http://dx.doi.org/10.1016/S0362-546X(97)00602-0
http://www.ams.org/mathscinet-getitem?mr=MR1195529&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2952632&return=pdf
http://dx.doi.org/10.7153/dea-04-08
http://dx.doi.org/10.7153/dea-04-08
http://www.ams.org/mathscinet-getitem?mr=MR1930708&return=pdf
http://dx.doi.org/10.1016/S0022-247X(02)00147-6
http://dx.doi.org/10.1016/S0022-247X(02)00147-6
http://dx.doi.org/10.1016/S0022-247X(02)00147-6
http://dx.doi.org/10.1016/S0022-247X(02)00147-6
http://www.ams.org/mathscinet-getitem?mr=MR3010749&return=pdf
http://dx.doi.org/10.1016/j.na.2012.12.004
http://dx.doi.org/10.1016/j.na.2012.12.004
http://dx.doi.org/10.1016/j.na.2012.12.004
http://dx.doi.org/10.1016/j.na.2012.12.004
http://www.ams.org/mathscinet-getitem?mr=MR3040597&return=pdf
http://dx.doi.org/10.1088/0951-7715/26/4/1083
http://dx.doi.org/10.1088/0951-7715/26/4/1083
http://dx.doi.org/10.1088/0951-7715/26/4/1083
http://dx.doi.org/10.1088/0951-7715/26/4/1083
http://www.ams.org/mathscinet-getitem?mr=MR1291628&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2346798&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1638054&return=pdf
http://dx.doi.org/10.1137/S0036141097318900
http://dx.doi.org/10.1137/S0036141097318900
http://www.ams.org/mathscinet-getitem?mr=MR1683627&return=pdf
http://dx.doi.org/10.1006/jdeq.1998.3535
http://dx.doi.org/10.1006/jdeq.1998.3535
http://dx.doi.org/10.1006/jdeq.1998.3535
http://dx.doi.org/10.1006/jdeq.1998.3535
http://dx.doi.org/10.1007/s00285-013-0681-7
http://dx.doi.org/10.1007/s00285-013-0681-7
http://www.ams.org/mathscinet-getitem?mr=MR2334836&return=pdf
http://dx.doi.org/10.1080/03605300701319003
http://dx.doi.org/10.1080/03605300701319003
http://www.ams.org/mathscinet-getitem?mr=MR2914146&return=pdf
http://dx.doi.org/10.1088/0951-7715/25/5/1413
http://dx.doi.org/10.1088/0951-7715/25/5/1413
http://dx.doi.org/10.1088/0951-7715/25/5/1413
http://dx.doi.org/10.1088/0951-7715/25/5/1413

2688 MIHAELA NEGREANU AND J. IGNACIO TELLO
[17] S. Zheng and H. Su, A quasilinear reaction-diffusion system coupled via nonlocal sources,
Applied Mathematics and Computation, 180 (2006), 295-308.

Received November 2012; 1st revision March 2013; 2nd revision April 2013.

E-mail address: negreanu@mat.ucm.es
E-mail address: jtello@eui.upm.es


http://www.ams.org/mathscinet-getitem?mr=MR2263391&return=pdf
http://dx.doi.org/10.1016/j.amc.2005.12.020
http://dx.doi.org/10.1016/j.amc.2005.12.020
mailto:negreanu@mat.ucm.es
mailto:jtello@eui.upm.es

	1. Introduction
	2. Comparison method
	3. Applications
	3.1. Problem 1
	3.2. Problem 2.

	REFERENCES

