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Abstract. We consider a competitive system of differential equations

describing the behavior of two biological species “u” and “v”. The sys-

tem is weakly coupled and one of the species has the capacity to diffuse
and moves toward the higher concentration of the second species follow-
ing its gradient, the density function satisfies a second order parabolic
equation with chemotactic terms. The second species does not have
motility capacity and satisfies an ordinary differential equation. We
prove that the solutions are uniformly bounded and exist globally in
time. The asymptotic behavior of solutions is also studied for a range
of parameters and initial data. If the chemotaxis coefficient y is small
enough the quadratic terms drive the solutions to the constant steady
state.

1. INTRODUCTION

Predator-Prey systems have been studied from the beginning of the 20th
century when Lotka and Volterra proposed a system of Ordinary Differential
Equations to describe the evolution of the total population of predators and
preys. The system is also generalized as cooperative and competitive systems
depending on the signs of the parameters. Later, linear diffusion is included
in the equations to describe the random motility of the individuals. The
model consists of a system of second order PDEs of parabolic type with
reaction diffusion terms, see for instance Cosner and Lazer [4] for details.

In the last decades, chemotaxis, hapotaxis and prey-taxis have been intro-
duced in the mathematical models of differential equations by second order
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terms. We consider a system where one of the species, denoted by “v” does not have

Wy

capacity of movement, while the other species, denoted by “u”, diffuses and moves towards

(19983

the population “v”.

The densities of populations u and v are considered in a bounded domain Q C RN with
a regular boundary. The system is presented in terms of partial differential in the following
form:

0
8—7: — Au = —div (xuVv) + pu(l — u — aqv), t>0, z€0 (1.1)
ov = pv(l —agu—v), t>0 (1.2)
ot
with a boundary condition
ou v
= = =0 1.3
5, ~ Xugo =0, (1.3)
and initial data
u(x,O) = u()(x)’ U(%,O) = U(](-%'), r €Q (14)

where p1 and po are positive constants. Notice that:

e The case where a; > 0 and as > 0 is a competitive system where the population u has
taxis abilities and diffuses.

e The case where a; < 0 and as < 0 is a cooperative system.

e The case where a; < 0 and az > 0 is a prey-taxis system, where the predator has the
ability to orientate its movement towards a higher concentration of prey.

e The case where a; > 0 and as < 0 is a predator-prey system, where the predators do
not have the ability to move and the prey orientates its movement following a predator
gradient, if y < 0 moving to a lower concentration of predators and for y > 0 towards
the higher concentration.

One of the main issues in population dynamics is to obtain the range of parameters and
initial data which drives the populations to coexistence or to extinction. The case without
taxis has been well studied in the literature and the behavior of the populations is given by
the parameters a; and ag (see for instance [4] and references therein). Here, we also consider
the taxis of one of the species. Systems with competitive terms and taxis have been already
studied for two or more populations, see for instance [1], [3], [11], [14], [19], [20] and references
therein.

Parabolic-ODE systems with chemotactic terms have been used to model biological pro-
cesses in last decades, see for instance [5], [9], [10], [15], [16], [17], and references therein.
Global existence of solutions and stability of steady states for Parabolic-ODE chemotactic
systems have been also studied, see for instance [6], [13] and [18]. In [12], numerical sim-
ulations suggest that for a range of initial data and reaction terms blow up of solutions
occurs.

In this work we present results on global existence of solutions and coexistence of the
populations for “weak” coupled conditions, i.e.

la;| <1, for i=1,2 (1.5)
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where y > 0 (positive taxis). The article is organized as follows: In section 2 we study the
global-in-time existence of solutions by using a priori estimates in L* and abstract theory
of PDEs (see Amman [2]). In section 3 some extra assumptions are required to obtain the
coexistence, we also prove that the homogeneous steady state

«  l—a «  l—a

= ="
1—ajas’ 1 —aja9

is asymptotically stable (see Theorem 3.1).
To prove the global boundedness of solutions we assume that

ug, vp > 0, (ug,v0) € (W15(Q))2,  for some s> max{4, N}. (1.6)

Since W15(Q)) € L>(Q) we have that ug and vg are uniformly bounded. We introduce

W= |lugllpe()y, T = max{L, [lvol o)} (1.7)

then
0 < uo S ﬂa 1 8
0<w<v (1.9)

Throughout the article we also assume that

i - . 1.1
Orgnl}%{ul Xazpiav} >0 (1.10)

Notice that if vg < 1, assumption (1.10) is satisfied if
M1 > Xp2a2.

We now define the function h by

hv) = € = (e £ xpa)o + xpuze?)

1.11
M1 — X202V ( )

and denote by h the following upper bound of h,

h:= Oréléi%%h('l}). (1.12)

Notice that 5
(1 + |a1[0) + xpov

Ofgnq}gﬁ{m — XH2a20}

1=h(0)<h<

Analogously, we define h by the minimum of h,

h:= min h(v). (1.13)

Let us consider
h = max | (v)]. (1.14)

Notice that
e XY(—pra1 — xp2 + 2xp2v) + Xpeazh(v)

h' = —xh(v) +
[i1 — X202V
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and

20 — 1) + pa(a1)+ + xpz(az)+h

Oglq}%{m — XH2a20}

0<h <yh+ Xtz

where (s)4 is the positive part function defined by

s ifs>0
©v={ s

otherwise.

In order to study the asymptotic behavior, some extra assumptions are required. We define
w as follows

w := max{|luge || oo (), b} (1.15)
and assume
X 1.16)
< P .
W< (
and
1> wvp > inf {vp} > 0. (1.17)
e
We define v and w by
v := min{inf {vg}, 1 — agweX} > 0, (1.18)
e
w = min{ inf {UOE_XUO},E} > 0. (119)
€
We also assume
p > xpe (1.20)
Apnw > xpe (1.21)

and finally

XY (1 4 2yt e XY
(wpr — X2 )ops(1 + 2xw*e )5 a2 (1.22)

-2 .

poh eXW(py — xp2a20)

Notice that if ag — 0 or x — 0 we have that assumptions (1.16) and (1.22) are satisfied. For
simplicity we assume that [Q] = 1.

2 Global existence of solutions

In order to study the global-in-time existence of solutions we start with the following lemma.

Lemma 2.1 Under assumptions (1.5)-(1.10) there exists Tnaz > 0 and a unique mazimal
solution to (1.1)-(1.4) in (0, Tinaz) satisfying

(u,0) € C([0, Tinaz), (W*(2))*) N CH(0, Tinaz), (WH*(R))") x WH*(Q)) (2.23)
and
iiinTsup (lu@®llwrs@) + lo@)lwrs@) +1) = oo (2.24)
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Proof: We introduce the following notation
Aju = —Au; A (u)v = div(ux Vo)

and 9 9
u v
Blu = % y BQ(U)'U = XU%,

then, the system (1.1)-(1.4) can be expressed as follows

up + Aru + Az(u)v = g1(u,v)  in Q X (0, Thnaz),
v = ga(u, v) in 2 x (0, +00),
Biu+ Ba(u)v =0 on 09 x (0, Thnaz),

where g1 (u,v) = pu(l — u — a1v) and ga(u,v) = pov(1l — agu — v).
We apply Theorem 6.4 in [2] to obtain the existence of a unique maximal weak solution
satisfying (2.23), (2.24). O

To continue with the proof of the global-in-time existence, we introduce the following
change of unknown:

u = weX’ (2.25)
to obtain
0
exvaw — V(eX'Vw) = pweX’ (1 — weX’ — ajv) — xeX'wugv[l — agweX? — v], (2.26)
0
8—7; = pov(1 — agweX? — v). (2.27)

Notice that the main difficulty in the problem is the non-linear second order term
div(xuVv). (2.28)

Since v satisfies an O.D.E. by introducing the change of unknown (2.25), the second order
term (2.28) becomes a nonlinear first order term plus a reaction quadratic term.

We denote by f the function

e XV (p1 — paarv — xpgv + xpv®)
M1 — XH2a2vV

flw,v) == X" (u1 — xpoav)

then, equation (2.26) can be expressed in the following two fashions:

exvgtw — V(eX'Vw) = weX! f(w,v), (2.29)
ow
a5 Aw — xVwVv = wf(w,v). (2.30)

Notice that f is bounded in (0, Tiax — €) for any € > 0.
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Remark 2.1 Since
(w,0) € C([0, Trnaz), (W (2))%) N CH((0, Trnaa), (WH(2))') x WH(Q2))
and s > max{4, N}, we have that
(w,v) € C(0, Tynax : L®(2))?

which gives
w; — Aw € C(0, Tax : L2(Q)).

It implies that
w € C(0, Trnax : H*(Q)),

and v € C(0, Tax : H?()).

Remark 2.2 We notice that the solution (w,v) exists in the interval (0, Tqaz) and
(w,v) € C([0, Tinaa), (WH*(2))*) N CH((0, Tinaa), (WH*(Q))') x WH()).

Lemma 2.2 Under assumptions (1.5)-(1.10) we have that

w > 0, v > 0.

Proof: 'We multiply by —(—wv)4+ both sides of (2.27), since w is bounded in (0, Tiqz — €) We

have that
d

dt
for a bounded function a(z,t). Thanks to nonnegativity of vy and Gronwall’s Lemma we
obtain (—v)4 = 0 and proves v > 0 in (0, T — €). We take limits when e — 0 to obtain

(—v)% = a(z,t)(-v)3, t € (0, Trnaz — €)

v >0 in (0, Tmaz)- (2.31)

In the same way we multiply by —(—w) the both sides of (2.29) and integrate over 2 to
obtain

5 e+ [ eveu) = [kl + Sl - o - eue).

Since f(w,v) and §uov(l — v — agweX?) are bounded in [0, Tinax — €), for any € > 0, we

have that
d1

- XV(_a0)2 < XU ,00)\2
G5 [t <a [ evwt,

for some A > 0. Gronwall’s Lemma gives
(—w)y =0, t €10, Tz — €)-

We now take limits when € — 0 and thanks to (2.31) the proof ends. O
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Lemma 2.3 Let v and w as defined in (1.7) and (1.15), i.e.
w := max{h, [|[wo|| L=}, v = max{1, sup{vg(z)}}
then, under assumptions (1.5)-(1.10) we have that
u < weX?, v <.

Proof: Thanks to Lemma 2.2 we have that v,w > 0 and therefore © = weX¥ > 0, then, the
equation for v gives
vy < pgv(l —v)

and maximum principle proves that

v < max{1,sup{vo(z)}} = 7. (2.32)
Let h and w be defined by (1.12) and (1.15) respectively. We multiply the both sides of
equation (2.29) by (w — w)4 to obtain

d1
— Xv _ 77)2 Xv _ 2
dt2/Qe (w w)++/ﬂe |V (w—w)4|

I
\
g
|
&l

+
D
=
(4
g
=
kS
=
_l’_
=
(Y]
(o4
—
|
(4
|
s
8
g
(g
=
=
DO [

(w —w)4]

< [ (0= 0¥ (w,) + oo (0 = w1,
Since the term
(w = W) wf(w,v) = (w W)+ e w(us — xpzazv) [h(v) - w]
by definition of A and w (see (1.12 and (1.15)), we have
h(v) < h < w,

then
(w — W) 4 eXw f(w,v) <0
and it results il
_ XH2_ —\2
—— [ (w—-w)2 <227 | eXV(w—w)2.
dt 2 /Q =2 7 g +
Thanks to Gronwall’s Lemma we prove that

w<w

which ends the proof. O

Theorem 2.1 Under assumptions (1.5)-(1.10), there exists a unique solution to (1.1)-(1.4)
for Thaz = 00 such that

(w,v) € C([0,00), (WH*(2))*) N CH((0,00), (WH(Q))') x W*(Q)).

The proof is a consequence of previous lemmas. O
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3 Asymptotic behavior

Notice that, since a; € (—1,1) for i« = 1,2 we have that the unique positive homogeneous
steady states are given by
1-— as

_ 1—a1

=, v = —
1—a1a2 1—@1@2

u

In this section we study the asymptotic stability of the positive homogenous steady states.
The result is enclosed in the following theorem:

Theorem 3.1 Under assumptions of Theorem 2.1 and (1.16)-(1.22) the unique solution to

problem (1.1)-(1.4) satisfies
/(u —u*)? + / (v —v*)? < cpe™®
Q Q

for some € > 0 and ¢y > 0.

The proof of the theorem is divided into several steps, for reader’s convenience we present
them in 5 separate lemmata.

Lemma 3.1 Under assumptions (1.5)-(1.10), (1.16)-(1.22) there exists w > 0 such that

u > w.

Proof: The proof is similar to the proof of Lemma 2.3. Let us consider w defined in (1.19).
Notice that to guarantee the positivity of w we only have to prove that p; — (a1 + xp2)v +
xp2v? > 0in [0, 1]. We first notice that p(x) := az? — 2bx + ¢ attains its minimum at = = b/a
(for @ > 0) and

min{p(z)} = p(b/a) = ¢~ b*/a.

Thanks to assumption (1.20) we have that 1 > pax. We now consider three different cases:

e Case 1: a; < 0. We have that

—xv _ )
min {h(v)} = min {e (1 — (m1ar + xpo)v + Xp2v?) }
peest Osv=l M1 — XH2a20

! in {( )
——— min 1 — XU20V
p1 + Xpz|as] 0<v<i Ha Xk

1
————————— (1 — xp2)) > 0.
pa + xpz|az] ( )
e Case 2: a1 > 0 and pra; < xpe.
—Xv _ 2
min {h(v)} = min {6 (11 = (paa1 + xp2)v + xpv )}
0<v<1 0<v<1 M1 — XMU2a20
1

min {(p1 — al + 2
7#4— ; 1 1a1 + XU2)V + X U2V
1 XM2|(12|07<v<41{( (e ) p2v®)}

1 (m _ (ma xuz)2>
p1 + xp2las] Ax 2
1

_ —xu2)) > 0.
p1 + xp2las] (1 H2))
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e Case 3: a1 > 0 and pra; > xpo. Then,

min {h(v)} > e~

Join > Xm maxo<y<1 (1 — (a1p1 + Xp2)v + Xp2v?)

> 1—aj)>0.

e X (
1t xpzlaz] F1

We multiply the both sides of equation (2.29) by —(w — w)4 to have
d1
G [etw=wi+ [ v w.p

=— /Q(w —w)eX’wf(w,v) + (pev(l — v — agweX?)

S

(w —w)4]
—(w —w)peXwf(w,v) = —(w — w)+eX’w(pu; — xpeav) [h(v) —w] <0

we apply Gronwall’s lemma to obtain w > w. The proof ends thanks to the positivity of v.
O

Lemma 3.2 Under assumptions of theorem 8.1, there exists v > 0 such that
v > v :=min { inf {vo}, 1 — CLQ?U@X} > 0.
€

Proof:  First, we notice that thanks to assumption (1.16), we know that 1 — asweX > 0 and
therefore v > 0. We multiply equation (1.2) by —(v — v)+ to get

d1l
5= V)i = —pv(v =) (1 - au —v)

since u < weX we have
—v(v—v)+(1 —agu —v) < —v(v — v)4 (1 — agweX — v).
From 1 — aoweX > v > 0 it follows that 1 — asweX — v > 0 if v < v, which gives
—v(v —v)+(1 — agweX —v) < —v(v —v)+(v—v) <0.

Then 1
2
- — <
19 ('U U) 0

which ends the proof. O

Lemma 3.3 Under assumptions (1.5)-(1.10), (1.16)-(1.22) we have

d1
[evtw—uw+ [ evw—u)p <
dt2 Jo 0

1 E/Q (333)
5 /Q(w — w*)2e2wi(u1 — %) + o /Q v — v*’262wi(,u1 — X p2a20).
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Proof: We define w* by

_ *
w' = ufe XV,

then, we multiply the both sides of equation (2.29) by (w — w™*) to obtain
1
d/ X (w — w*)? —|—/ XYV (w — w*)?
¢ ° (3.34)

= /(w —w*)eXVw f(w, v) + X52/ v(1 — v — agweX”)(w — w*)2eX.
Q Q

We have
(w —w")e*w f(w,v) = (w — w*)eX w(us — xpzazv) [A(v) — w],

for h defined by (1.11). Notice that h(v*) = w* and
h(v) —w = (w* —w) + h(v) — h(v*) = (w — w*) + K (s)(v — v*)
for some s € (v,1). Then
(w = w" )X wf(w,v) = (w— w )X w(p — xpza2v)[(w" — w) + 1 (s)(v — v")]
and the last term in the previous equation
(w — w*)ew(py — xp2a20) [ (s)(v = v*)] < B'|w — w*|[v — v* [P w (i — xpaazv)
thanks to Young’s inequality
A2

1
< T|v — 0" PPV (py — xpgagv) + §|w — w*2eXPw (g — xp2a2v).

Since v(1 — v) attains its maximum at v = 1/2, we have the following inequality

1
X2 v(1 — v — agweXV) (w — w*)?eX? < XH2 (= — agwveX?)(w — w*)?eX?.
2 o 2 )4

Thanks to assumption (1.10), (3.34) becomes

d1l 1
/ XV (w — w*)? +/ XV (w—w*)> < —= / (w — w*)2ePPw(puy — xp2a2v)

2
1 3
xE2 (= — apwveX?)(w — w*)2eX? + — / [v — v* 22w (g — xpgazv) <
2 J,'4 2 Jo

i,2

1 * XH2 h *

5 0= wr e = X2 T [ o P~ xpaar)
Q w 2 Jo

and the proof of the lemma ends. O

Lemma 3.4 Under assumptions (1.5)-(1.10), (1.16)-(1.22) we have the following inequality

0

== v(v —v*)? + uga%/ Py (w* —w)?. (3.35)
ot Jq

<v—wfs—mu+amwfﬂkmh/
Q

Q
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Proof: Since 1 — v — agu = v* — v + az(u* — u), we have that, after multiplying the both
sides of (1.2) by (v — v*)
01

ai(v —v*)? = —ppu(v — v*)? + pgagv(ut — u)(v — v*).

Notice that .
u—u = eXV(wr XY — )
= XV(w* —w+ w (XY — 1))
= eXU(w* —w — yw* (X% (v — v¥))

for some s € (v, ).

Since
01 2 %\ 2 x _x(v*—s) * V[, *
8t2(v—v )* = —pov(v —v*)*(1 + xw*eX ) + poagv(v — v*)eX (w* — w),
01 *\2 *\2 *  —x(1—v*) £\ XV () %
a§(v—v )? < —pov(v —v*)“ (1 + xyw'e ) + poazv(v — v*)eX(w* — w)

and by using Young’s inequality
01 1 .
g 2(11 —v")?2 < —pov(v — U*)2(§ + xw e X177y 4 ,u; aze?y(w* —w)?.

After integrating over €2 we prove the lemma. O

Lemma 3.5 Under assumption of Theorem 3.1, the following inequality holds

9 / eXO(w — w*)? + 8A/(v —v")? < —e3 / (v —v*)? + XV(w — w*)? (3.36)

for some positive constant A.

Proof: 'We multiply the both sides of inequality (3.35) by A and add it to equation (3.33)
to obtain J 9
dt/QeX“(w—w )2 +8tA/Q(v—v*)2+2/S26X”\V(w—w*)\2S

- / 0w — Pl — X2) — Apaado)

12
/ v —v*2(Avpa (1 4 2xw* e X107y — n ePXVw(py — xpzasv)).
We take A such that
w(p — w) — Apzaiv >0 (3.37)
4w
and o
(Avpg(1 4 2xw*e ™ XE=)) — 372XV (g — xpgagv)) > 0. (3.38)

Notice that the previous inequalities are satisfied if and only if

—2
w(p — %) A R eXXw (g — ypaasv))
)

[12a5v vpg(l + 2xw*e—x(1-v7)
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For as satisfying assumption (1.22), i.e.

(wpr — XE2)vps (1 + 2yw*e XA=v7)

— > a3
! v
poh eXWw(py — xp2a20)

we have )
(wi —X2) B AWy — xp2a0)
fi203 vpp(1 + 2xw*e—x(1-v"))
and there exists A satisfying (3.37) and (3.38) and € > 0 such that
i XV )2 Q _aR\2 _ XV aR\2 )2
Xw—w) 4+ A [ (v=0v) < —e [ X(w—w) —€ [ (v—0%),
which ends the proof. O

Proof of Theorem 3.1
We integrate in (3.36) over (0,t) to obtain, thanks to Gronwall’s lemma that

/Q X (w — w*)? + /Q (0 — v%)2 < coe—<t. (3.39)

Since

weX? — w*eXV”

= X(w —w*) + w*(eX¥ — eXV7)
= eX'(w—w*) + weX* (v — v¥)

for some s € (v, ), it results
(u—u*)? < c1eX(w — w*)? + co(v — v*)? (3.40)

for some positive constants ¢; and ca. Thanks to (3.39) and (3.40) the proof ends. O

Remark 3.1 By the result obtained in [7], [8] we can show global ezistence in time of solu-
tions of our problem in the case ag > 1. In the same way as in section 4 of [7], [8] we have
(logv)y = —poagu + pa(l —v) in (1.2), which leads to

o(z,t) = vo(x) - e~H2a2 Jo uds+hz [y (1—v)ds,

Substituting fot uds and fg vds by k+t+u and ¥ respectively for any positive constant k, we
have
v(z,t) = vo(z) - e @~ bt—p2azli—p2b
for a = pgask > 0 and b = pgas(1l — é) > 0.
Then (1.1) and (1.2) are reduced to the following single equation

0? _ . . . .
5l = Aty — 4V - (1 + )V (vo(2)O)) + p1(ty + 1) (=t — aqvo(z)O)
for © = e~ blmpa2i—p2b - This equation is regarded as the same type of nonlinear evo-

lution equation (1.1) considered in [7] and [8]. Then, for sufficiently smooth initial data

452



{up(x),vo(x)} assuming that H™(Q)-norm of ug(x) — 1 is sufficiently small, it is shown that
for sufficiently large a there exist solutions

u(z,t),v(z,t) € C([0,00), H"1(Q)), m>[n/2]+3

such that limy_yoo u(z,t) = 1,lims o0 v(x,t) = 0, where H™ () is the Sobolev space of order
m in .
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