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Abstract

We consider a nonlinear PDEs system of two equations of Parabolic—Elliptic type with chemotactic
terms. The system models the movement of a biological population “u” towards a higher concentration of
a chemical agent “w” in a bounded and regular domain  C RN for arbitrary N € N. After normalization,
the system is as follows

ur — Au=—diviu" xVw) + pu(l —u%), inQr=Qx(0,7T),

—-Aw+w=uV, inQr,

for some positive constants m, x, u, o and y, with positive initial datum u#( and Neumann boundary
conditions.
We study the range of parameters and constrains for which the solution exists globally in time. If either

a>m+y—1,or
a:m+y—1andu>%x,
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the solution exists globally in time. Moreover, if
a>m+y—1 and p>2y,
and there exist positive constants ¢ and u such that 0 < uy < ug <up < oo we have that
lu —Upoo(@) + lw —1lpo) — 0  ast— oo.

© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Chemotaxis is the ability of some living organisms to move toward a higher concentration of
a chemical substance or away from it. Chemotaxis was already reported in the XIX century (see
[6] and [34]), and it is present in many biological phenomena as bacteria aggregation, immune
system response, angiogenesis, morphogenesis, bacterial movement, etc. (see for instance [1,4,
10,13,19-21,24,25,33,41,43] among others). From the last 50 years, many of such phenomena
have been described using mathematical models of PDE’s, in particular, the so called Keller—
Segel model (see [18]) describes the evolution of a population using a fully parabolic system of
two equations

Uy — Au=—div(x w)Vw) 4+ g(u, w), in Qr,

Tw; — Aw = h(u, w), in Qr

with appropriate boundary conditions and initial data. The system has been widely studied from
a mathematical point of view, see for instance [11-15,47,48] and reference therein.

Depending on the properties of the chemoattractant, the system can be simplified to a
Parabolic—Elliptic system (for chemoattractant with “fast” diffusion) or to a Parabolic—ODE sys-
tem (for non-diffusive chemoattractants or with slow diffusion) see for instance [7,8,22,26,28,31,
32,38-40,44,45] among others. This work is focused in the case of fast chemical diffusion, where
the system is simplified to the case of a Parabolic—Elliptic system, i.e. T = 0 for given functions
g and h. The Parabolic-Elliptic system has been also studied from a mathematical point of view,
see the works concerning blow-up of solutions [2,3,9,17,23,27,29,35-37].

Let © C RY be a bounded open set with regular boundary and g a logistic type function given
by

gw) :=pu(l —u®*), for a>1
and

h(u,w)=u” —w, for y>1.



E. Galakhov et al. / J. Differential Equations 261 (2016) 4631-4647

The system we study in the article is the following:

uy — Au=—diviu" x Vw) + pu(l —u%*), in Qr,

—Aw+w=u’, in Qr,
a a .

5 =3, =0, in 0Q
u(x,0) =up(x), in €,

where m, x, i, « and y are positive constants.
We assume that the initial datum u satisfies

uo € WHP(Q) for some p > N,

there exists u > 0 such that ug > u,

and the boundary condition.

dug )
— =01in 9L2.
ov
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(1.1)

(1.2)
(1.3)

(1.4)

The problem for m = o« = y = 1 has been already studied in [42], where global existence and

boundedness of solutions are obtained under assumptions

. N =24
N

Moreover, for u > 2x and assumptions (1.2)—(1.4), the solution satisfies

|l — | Loo(@) + [lw — 1flpoc(@) — 0, ast — oo.

(1.5)

The results in [42] were extended in [46] for a system with nonlinear diffusion D(u) < cu® for

some s >0 and D € C% when

g(u) < ap — pu**!

for

(i) «>1and

1
>0 ifs>2——
0 s22-—
or

e-9N-2 ,_ 2
> " "y if s<2-—.
H="0"9gN X N

(i) @€ (0, 1) and s > 2 — 1.
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Moreover, in [46], the authors study the asymptotic behavior of the system and (1.5) is also
obtained for any D(u) < cu® (fors >0), D € C?and p > 2x.

The case where ¢ = uu(l — u) and h(u, w) = ho(u) — w for a monotone increasing Lip-
schitz function kg has been recently studied in [5]. The authors prove that, under assumptions
(1.2)—~(1.4)and i’ < c the system has a uniformly bounded solution which converges in L°-norm
to the steady state u = 1, w = h(1).

In this article we only consider the case

m>1 and y>1 (1.6)

and study the global existence of solutions and its asymptotic behavior. The results are enclosed
in the following theorems.

Theorem 1.1. If either

a>m+y—1, or (1.7)
Na —2

= —1 d 9
a=m-+Yy an M>2(m—1)+NaX

(1.8)

there exists a unique global in time solution to (1.1).

Theorem 1.2. Let up := max{sup uo(x), 1} and uy := min{inf ug(x), 1}, then, if 0 < uy <
xeQ xeQ
uog < 0o and

a>m+y—1 and pu>2y,
the solution satisfies the asymptotic behavior
u—1, v—1 in L®(Q) as t — oo. (1.9)
2. Global existence of solutions: proof of Theorem 1.1

The proof of the theorem is divided into several steps, we first start the proof with the local
existence of solutions.

Lemma 2.1. There exists a unique solution (u, w) in (0, T4y ) satisfying

248,144
wweC @ ),
where Ty satisfies
limsup ([lu ()l (@) + lw @) L) + 1) = 0. (2.1)

t—=>Tnax

Moreover, the solution satisfies

u(t,x) >0, w(t,x) >0, xeQ, t<Tuax. 2.2)
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Proof. The proof of local existence follows standard semigroup theory and fixed point argu-
ment; we refer to Horstmann and Winkler [16] and Tello and Winkler [42] for more details.
The non-negativity of u is a consequence of the maximum principle for which also implies the
non-negativity of w. 0O

Lemma 2.2. Suppose « > m + y — 1. Then for any § > 1 there exists ¢ = c(8, |uoll 1)) >0
such that

||u(t)||L5(Q) <c, Vte(0,Tnax) (2.3)
as well as
T T
//u“+5+/f| WP <e(T+1), VT €, Tar) (2.4)
0 Q 0 Q
hold.

Proof. We multiply the first equation in (1.1) by #°~! and integrate by parts over  to obtain
1d 8 2 m+5 2
33 u + (8 — 1) |Vu| =@ —-1Dy Vu-Vw+u | u (1—u ). (2.5)
Q Q Q

In the same way, we multiply the second equation in (1.1) by "+~ to obtain, after integration
by parts

(m+8— 1)/um+5—2w.w = —/um+5—1w+/u’"+5+y—1 (2.6)
Q Q

for t € (0, T4y )- Inserting (2.6) into (2.5) it yields

ud + (8 — 1)f =hwy)? =

8dt
§—1
_ (= Dx _/ _—s lw+/un1+8+l/ ! M/um_ua) @.7)
m+48—1
Q Q
< 6—-1Dy / m+8+yl MfMS /8+a
m+486—1
Q

We now consider the term [, ymtity =1

and thanks to Young’s inequality

,sincea >m+y —1wehavethata+8 >m+35+y —1

/um+5+”_1 561/ua+5+q(61, 1|, 8, a,y,m)
Q Q
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and

/u‘s 562/ua+5+cz(62,IQI,&a,y,m)
Q Q

for arbitrary positive constants € and €;. Then, for ¢ < u we have that

§—1
—(M—e)/u‘H“ < _%/umﬂ%y—l —M/M8+C(Ev 12,8, a, ¥, m)
Q Q §

which proves

1d 4 8
Ed_/ ( /|w%|2 < _efw& + (e, 1921, 8, 0, v, m). (238)
Q Q Q
We apply the Hélder inequality to the term [, u®™ to obtain
Olal(i
1d [ 5 46— 1)f 5 ¢ / 5
Sy I e 1% _ + (o). 2.9
Sdt/u 52 [Vuz|® < al u c(e) (2.9)
Q Q Q

We denote y(t) := fQ 1% (¢) which satisfies
/ ats :
Y <=3y 7 +cqin (0, Tiax)
with positive constants ¢3 and ¢4 depending on «, §, € and |2]. Then
5
Cq a+s
y(t) < max [yo, <—> } forall 7 € [0, Tyax)
C3

which yields (2.3). We integrate over (0, T4y ) in (2.8) to conclude (2.4). O

Lemma 2.3. [fa =m +y — 1, then, for any § € (1 w) we have that

(x—w)
lu@lips@) <c, Vi€ (0, Tnax) (2.10)
as well as
T T
//u“+5+/f| WP <e(T+1), VT €, Tnar) 2.11)
0 Q 0 Q

hold.
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Moreover, if in addition

Na—2
> 2.12
b= 5m -1+ Na”® 2.12)

then (2.10) holds for any § > 1.

Proof. As in the previous lemma, we multiply the first equation in (1.1) by #®~! and integrate
by parts over €2 to obtain

ld s 5—2 2
- —1 Vul|* =
5dt/u + (6 )/u |Vu|

Q Q

_ 6—Dyx _/ m+8— lw+/ m+8+y—1 /qua(l—ua) (2.13)

m+6—1
Q Q
(6—1Dx / mtbs+y—1 4 fa /5
P y— _ +0t.
“m+5—1 " R
Q Q

We set € := % (,u — r(f Dx ) which is positive for § € (1 1+ m” ) Thanks to Young’s in-

(x—
Mfuafefu“+8+c(e)

Q Q

equality we estimate

to obtain

1d 4 5
Ed_/ by ( /|vu%|2g—e/u“+5+c(e). (2.14)
Q Q Q

We apply the Holder inequality to the term [, u®*? to obtain

a+d
8

1d 4(5 — 1
w4 A )f|w%|2s—% /M + (o), 2.15)
82 Q|5
Q Q

Sdt

and proceed as in the previous lemma to conclude (2.11).
To prove (2.11) when p satisfies (2.12) we proceed as in Lemma 2.3 in Tello and Winkler [42].
Since the case x < u is included in the previous one, we focus on the case

X > M.
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We introduce the auxiliary unknown v = u 2 which satisfies the inequality

1d 46 -1) G-y 2
T v+ 52 /|VU|2§(m—,U« /U5+2+M/U2- (2.16)
Q Q Q Q
By the Gagliardo—Nirenberg Inequality we know that
lvllzr@) < Cllvll (g 01512
for
1o/ 1-a i
— = E — N a s 1. a = 1 1 1
p q 72 + %
We take
1 1
21 +a/8) 2 and P wk NN rn Na
p = o . q = ant a= = — — = = .
T-1ledl 2 242 52 35 4a)
Notice that assumption (2.12) is equivalent to
(Na—2)x <u@m—1)+ Na)
ie.
Na(x —p) <2(uim — 1)+ x)
or
Nex =) 2.17)
p(m —1) + x '
Since
Na
a=—-
2(8 +a)

we have that

a(x —mw2(@é+a
(m — D+ x

i.e.
(m—1Du+x
a< —
X —w@+a)

taking § > max{% —«, %} we have that
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a<1

and

2a+2 2a( +8) Na 5
— = — =— <2,
“\ s ¢ 5

Then

20
w2 a(¥+2) a(F+2
/vs LR (PRSI <5 [Vl g + 1152

Q

and thanks to (2.17) we have, for some ¢4 > 0 and arbitrary € > 0,

e ) 2— 2
/vﬁ < s IVOIES, + e < €l Volda g, + cs(6).

Q
We substitute the previous inequality into (2.16) to get
i ) $2 S1
7 u’+ce | |\Vuzl*<cr4+up | u°(l —u).
Q Q Q

Thanks to Young’s Inequality we get

i s $2 _ 8
T u’ +ce | |\Vu2|*<u|cs u®|. (2.18)
Q Q

Q

Maximum principle for ODE gives that

8 )
/ u® < max(uol s g cs)
Q

which ends the proof. O

End of the proof of the Theorem 1.1. To end the proof of the Theorem 1.1 we notice that u
satisfies

Uy — Au=—myu" 'VuvVw + xu" @’ —w) + pu(l — u®).

Since u is uniformly bounded in L?(2) for any p < oo and o, m and y satisfying the assump-
tions of Theorem 1.1, we have that

lwllw2,p) <c, forsome p>N
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and
lwllyieoq) <c uniformly.
Then
—mxu" " VuVw + xu" @’ —w) + pu(l — u®) € L* (Qr)

for any s <2 and T < T,,4y. Standard regularity theory gives the global existence of solu-
tions. O

3. Asymptotic behavior of the solutions
In this section we prove Theorem 1.2 by using a rectangle method, i.e. we construct a sub-

and a super-solution which are homogeneous in space. Such functions are obtained as solutions
of the following ODE’s system

= xu" (W’ —u’)+ pu(l —u), u(0) > up := max{maxug(x), 1},
m _ o L xew (3.1
u, = xu" (W’ —u’) + pu(l — u®), u(0) < uy :=inf{minug(x), 1}.
xe

Lemma 3.1. Let u, and ug be positive initial data, satisfying
0<ug<1<up, (3.2)

then, there exists a unique solution to (3.1) in (0, T,,,,.) satisfying

O<u<l<u, for t€(0,T,,.) (3.3)
where T, .. is defined by
lim sup ([i] + [u| +1) = oc. (3.4)
t—T!

max

Proof. We split the proof into several steps:

e Step 1. Local existence and uniqueness of solutions.
Since the right-hand side terms of (3.1) are continuous and locally Lipschitz functions of u
and u we have that there exists a unique solution in the interval [0, 7, ) for 7, defined in
(3.4). We also notice that, since the right-hand side terms are C1(R?) the solutions (u,u) €
[C2(0, T, ...

o Step 2. The solution satisfies (3.3).
By contradiction, we assume that there exists a positive 7o < T}, such that (3.3) is satisfied
for any 7 < 79 and at t = 1y (3.3) fails, then:
— If u(tp) =0, by uniqueness of solution, the backward solution u(¢) = 0 for any ¢ € [0, #9]

which contradicts (3.2) and proves

u(ro) > 0. (3.5)
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— Ifu(tg) =1 and u(#9) > 1, we have that
u'(10) = xu" (t0) (w” (o) — u” (1)) + pu(to) (1 — u” (1)) < 0
which contradicts u(fp) = 1 and proves
u(to) <1 ifu(z) > 1. (3.6)
— The case u(fg) = 1 and u(#y) < 1 is similar to the previous one and therefore

o) >1 ifu(t) <l1. (3.7)

u(to) = 1 =u(to) (3.8)

the backward solution of the system satisfies (1) = 1 = u(t) for t € [0, fy), uniqueness of
solution contradicts (3.2) and the proof ends. O

Lemma 3.2. Under assumption
a>m+y—1 and pn>2y, (3.9
we have that T,;,,x = 00 and the solution to (3.1) satisfies
u—1, u—1 for t>0. (3.10)

Proof. We divide the first equation by u and the second by u to obtain

= xu" '@ — w4+ pn(d —u®),

== xu" W @)+ —u®).
u

We subtract both equations to get:

% (In% —Inu) = x (ﬁm*'(ﬁ” —u’) —u" " —W)) +p@® —u®),

d

(0 —In) = x @71 — ") =y @ — ") @ -7, G
and since u < 1 < u we have

—X(ﬁm_lﬂy _lm—lﬂy) < X(ﬁm+y—l _Zm-H/—l).

Since

a>m—+y—1
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and u > 1 we have that
ﬁm+y71 < ﬁa,
in the same way, since u < 1 we also get
VKRGS T
then
X" —u" T < @ - u®)

and thanks to (3.11) we deduce

% (In7 - Inw) < @x — W@ — u*).

Notice that, under assumptions (3.9) and (3.3) we have
d
— (Inu —1Inu) <O0.
dt ( " E) -
After integration it results
Inu —Inu <Inup — Inu,

and since u > 1 (see Lemma 3.1) we obtain a lower bound for u

u=>

sljis

Since
Q@x = W@ —u") = Q2x — Wt~ @ —w
for some & > %—g we have that
Q2x — et < —¢, forsome e€y>0. (3.12)
So, we have
d , _ _ —
- (In@ —Inu) < —eo(ut — u) < —€o&s (Inut — Inu),
for some & > %—g By integration, we prove that u is uniformly bounded by a constant which de-

pends on the initial data and therefore T},
we end the proof. O

ax = 00. Thanks to Gronwall’s Lemma and Lemma 3.1
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Lemma 3.3. Under assumption (1.2), (1.3) the solution to (1.1) satisfies:
u(t) <ulx,t)<u for t < Tpax.

Proof. The first equation in (1.1) can be expressed as
Uy — Au=—myu" 'VuvVw + xu" @’ —w) + pu(l — u®). (3.13)

We now proceed as in Tello and Winkler [42] (see also [30]) and construct the auxiliary functions

U=u—-u, U=u—u, W=w-u", W=w-u".

We define g(u) = xu™t" + pu(l — u®), then U satisfies

U, — AU = —mxu" " 'VU - Vw + g) — g@) + x @"u” — u"w).
We multiply the previous equation by the positive part of U and integrate over 2 to obtain

d1 _ _
dtZ/U +f|vu+|2 /mxu'"—lvzj-w U++f(g(u)—g(ﬁ))u+
Q Q

Q

+/X(ﬂmg7’ —u"w)U .
Q

We consider the right-hand side terms separately:
—/mxum_IVﬁ~VwU+, /(g(u) —gu)U, /X(Emgy —u"w)U .
Q Q Q

So, for any t < T < Tyax, we have that u is uniformly bounded in L°°(27) and w(z) €
WI’OO(Q). Then, for t < T we have that

®

1 _
~ [ VT -0 T < @l 0y, [T+ 5 [ VTP
Q Q Q

(ii)

/(g(u) —g@)U+ =/g/($)Ui fc(”””L"O(QT)’g/)/Ui-
Q Q

Q
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(iii)
/ x @ —u"w)U 4 = / X (@" —u™u” —u" (w—u)U
Q Q

= / x (@ —u™u?” —u" (w—u")U+

Q

since (™ —u™)U, <0and w — u¥ = W we have

fx(ﬁmzy —u"w)Uy < —x / u"WU ¢

Q Q
< xllul oo g / W U,
Q
1 m 2 772
= EX”M”LoO(Q) w-+U,
Q
where (- )_ is the negative part function defined as (s)— = (—s)+.
Multiplying the equation
—AW+ W= u’ — ZV

by —W _ and integrating over €2, by Young’s inequality, it results

/WW Pyl /|W| /(u —uy

Q

Thanks to assumption (1.6) we get

/(uy —u”): <c(y, ||M||L°0(Q))/Q2,.
Q

Q
So we have

d 1

— 1 72 n [ 772 2
—= Ui+ 5 | IVUL] Zc(lullLe@),8) | UL +U. (3.14)
dt?2 2

Q Q Q

In the same way we obtain

d1

a1 /IVU ? = cluli=, g)/u +U2. (3.15)
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Adding (3.14) and (3.15) and thanks to Gronwall’s Lemma we obtain

U,=U_=0, forany t < T < Tax.

The proof ends taking limits when 7' — Tp,4,. O

End of the proof of the Theorem 1.2. We have seen in Lemma 3.3 that u <u <u and u™ <

w <u™, since Télax = 0o we obtain that ¥ and w are uniformly bounded in (0, co). Notice that

llu = Tlizee@) < w0 — 1+ [l —ullLe@) < [u—ul,

lw =l < " — 1+ [u" — wllre@) < 0" —u™|.
Taking limits in the previous inequalities we end the proof of Theorem 1.2. O
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